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Abstract. The quantum dynamical Yang-Baxter (QDYB) equation is a useful general- 
ization of the quantum Yang-Baxter (QYB) equation. This generalization was introduced 
by Gervais, Neveu, and Felder. Unlike the QYB equation, the QDYB equation is not an 
algebraic but a difference equation, with respect to a matrix function rather than a matrix. 
The QDYB equation and its quasiclassical analogue (the classical dynamical Yang-Baxter 
equation) arise in several areas of mathematics and mathematical physics (conformal field 
theory, integrable systems, representation theory). The most interesting solution of the 
QDYB equation is the elliptic solution, discovered by Felder. 

In this paper, we prove the first classification results for solutions of the QDYB equa- 
tion. These results are parallel to the classification of solutions of the classical dynamical 
Yang-Baxter equation, obtained in our previous paper. All solutions we found can be 
obtained from Felder's elliptic solution by a limiting process and gauge transformations. 

Fifteen years ago the quantum Yang-Baxter equation gave rise to the theory of quan- 
tum groups. Namely, it turned out that the language of quantum groups (Hopf algebras) 
is the adequate algebraic language to talk about solutions of the quantum Yang-Baxter 
equation. 

In this paper we propose a similar language, originating from Felder's ideas, which we 
found to be adequate for the dynamical Yang-Baxter equation. This is the language of 
dynamical quantum groups (or fi-Hopf algebroids), which is the quantum counterpart of 
the language of dynamical Poisson groupoids, introduced in our previous paper. 



Introduction 

This paper is devoted to the quantum dynamical Yang-Baxter equation, its solutions, 
and the related algebraic structures (quantum groupoids, Hopf algebroids); abusing 
language, we will call these structures by the collective name "dynamical quantum 
groups" . 

Let P) be a finite dimensional commutative Lie algebra over C, V a semisimple finite 
dimensional [)-module, and 7 a complex number. The quantum dynamical Yang-Baxter 
(QDYB) equation is the equation 

(1) R^^iX - 7/1^3)) R^^iX) i?23(A - 7/i(i)) 

= i223(A)i2l3(A-^/i(2))i?12(A) 
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with respect to a meromorphic function : [}* — > End(y V), where by definition 
i?^^(A — 'yh^^''){vi ® t'2 ® "^3) := (-R^^(A — 7//)(fi (8) V2)) <8) V3 if 173 has weight and 
R^^{X — 7/1*^^)), R'^^{X — "fh^^')) are defined analogously. 

It is also useful to consider the quantum dynamical Yang-Baxter equation with 
spectral parameter, with respect to a meromorphic function i? : C x f)* — > En.d{V (S)V). 
By definition, the QDYB equation with spectral parameter is just equation (1), with 
K^^ {*) replaced by R^^{zi — Zj, *), where Zi, Z2, zs G C. 

Solutions of the QDYB equation which are invariant under f) are called quantum 
dynamical R-matrices. 

A brief history of the QDYB equation is as follows. The QDYB equation was pro- 
posed by Felder [F2] as a quantization of the classical dynamical Yang-Baxter equation 
[Fl], but it also appeared earlier in physical literature [GN]. Examples of dynamical 
R-matrices appeared in [Fadl,AF]). As Felder showed [F2], the QDYB equation is 
equivalent to the star-trangle relation in statistical mechanics. The most interesting 
known solution of the QDYB equation with spectral parameter is the elliptic solution 
given in [F1,F2]. As was shown in [TV], this solution arises when one studies mon- 
odromies of the quantum KZ equation introduced in [FR], see also [FTVl-2]. The 
algebraic structure corresponding to this solution was described in [F1,F2, FVl-3] and 
called "the elliptic quantum group" . Although the elliptic quantum group is not a Hopf 
algebra, it is very similar to a Hopf algebra in many respects. For example, its category 
of representations, with a suitable definition of the tensor product, is a tensor category, 
which was studied in [FV1,FV2]. 

This paper has two goals. 

1. To classify quantum dynamical R-matrices in the case when f) C End(V) is the 
algebra of all diagonal operators in some basis. 

2. To describe the axiomatics of the algebraic structure corresponding to a quantum 
dynamical R-matrix. 

The first goal is partially attained in Chapters 1 and 2. 

In Chapter 1, we study dynamical R-matrices without spectral parameter. We define 
the notion of a dynamical R-matrix of Hecke type which is a dynamical R-matrix 
satisfying a generalized unitarity condition. Then we define gauge transformations, 
which map the set of such dynamical R-matrices to itself. After this, we classify 
dynamical R-matrices of Hecke type, with \j as above. The answer turns out to be 
completely parallel to the classical case ([EV], Chapter 3). In particular, any classical 
dynamical r-matrix from [EV] without spectral parameter (for the Lie algebra glp^) can 
be quantized. 

In Chapter 2, we study dynamical R-matrices with spectral parameter, satisfying 
the unitarity condition. As in Chapter 1, we define gauge transformations, which map 
the set of such dynamical R-matrices to itself. After this, we list all known examples, 
and give a partial classification result (for R-matrices given by a power series in 7, 
which are quantizations of elliptic r-matrices from [EV], Chapter 4). As before, the 
results are parallel to the classical case. In particular, any classical dynamical r-matrix 
from [EV] with spectral parameter (for the Lie algebra gij^) can be quantized. 

Remark. We were not able to obtain a nice classification result for dynamical R- 
matrices with spectral parameter and numerical 7, since we do not understand what is 

2 



the correct analogue of the residue condition in [EV]. However, we expect that such a 
result can be obtained along the same lines as in Chapter 4 of [EV] , and Chapter 1 of 
this paper. 

The second goal is attained in Chapters 3-6. 

In Chapter 3, we explain the connection between dynamical R-matrices and monoidal 
categories. We introduce the tensor category of 1^- vector spaces, and show that a tensor 
functor from a braided monoidal category to the category of [)-vector spaces gives a 
dynamical R-matrix, in the same way as a tensor functor from a braided monoidal 
category to the category of vector spaces gives a usual R-matrix. We also attach to 
every dynamical R-matrix a tensor category of its representations, following the ideas 
of [F1,F2,FV1,FV2]. This category is nontrivial (for example, it contains the basic 
representation), has natural notions of the left and right dual objects, and is equipped 
with a canonical tensor functor to {)-vector spaces. 

In Chapter 4 we introduce the notions of an ()-algebra, [)-bialgcbroid, and f)-Hopf 
algebroid, which are generalizations of the notions of an algebra, bialgebra, and Hopf 
algebra. We define the notion of a dynamical representation of an f)-algebra, and show 
that the category of dynamical representations Rep(^) of an [)-bialgcbroid A is a tensor 
category with a natural tensor functor to P)-vector spaces. If A is an f)-Hopf algebroid, 
this category in addition has natural notions of the left and right dual representation. 

Using a generalization of the Faddeev-Reshetikhin-Sklyanin-Takhtajan formalism 
[FRT],[FT] which assigns a Hopf algebra to any R-matrix, we assign an f)-bialgebroid 
Afi to any dynamical R-matrix R. If R has an additional rigidity property, then Aji 
is an ()-Hopf algebroid. We call the bialgebroid Aji the dynamical quantum group 
associated to R. We show that the category of representations of R is equivalent to 
the category Kep{AR) as a tensor category with duality and with a functor to (^-vector 
spaces. 

In Chapter 5, we define quantum counterparts of the quasi classical objects defined 
in [EV] (in the setting of perturbation theory). More specifically, we define the no- 
tions of a biequivariant algebra (biequivariant quantum space), a biequivariant Hopf 
algebroid (biequvariant quantum groupoid), a dynamical Hopf algebroid (dynamical 
quantum groupoid), which are the quantum analogues of the notions of a biequiv- 
ariant Poisson algebra (biequivariant Poisson manifold), a biequivariant Poisson-Hopf 
algebroid (biequivariant Poisson groupoid), a dynamical Poisson-Hopf algebroid (dy- 
namical Poisson groupoid), introduced in [EV]. We introduce the notion of quantization 
for biequivariant and dynamical objects, and conjecture that any dynamical Poisson 
groupoid can be quantized. 

This material is a generalization of the material of Chapter 4, because, as we explain 
in Section 5.5, the notion of an f)-algebra (f)-bialgcbroid, f)-Hopf algebroid) is essentially 
a special case of the notion of a biequivariant algebra (bialgebroid, Hopf algebroid). 

Remark. The general notion of a Hopf algebroid was introduced by J.H.Lu [Lu]. It 
is easy to check that bieqivariant and dynamical Hopf algebroids as defined in Chapter 
5 of our paper are Hopf algebroids in the sense of Lu. However, the notion considered 
in [Lu] is more general than the one considered in the paper. 

In Chapter 6, we study f)-bialgebroids associated to dynamical R-matrices of strong 
Hecke type. Using the semisimplicity of the Hecke algebra for a generic value of the pa- 
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rameter, we prove a Poincare-BirkhofF-Witt theorem for such bialgebroids. This result 
explains the meaning of the Hecke type condition, which was artificially introduced in 
Chapter 1. Using the same method, we show that the [)-Hopf algebroid associated to 
a dynamical R-matrix of Hecke type of the form i? = 1 — 7r + .. is a flat deformation 
(quantization) of the Poisson-Hopf algebroid corresponding to r. 

In the next papers, we plan to develop the theory of dynamical quantum groups. 
We plan to describe the infinite-dimensional dynamical quantum groups associated to 
dynamical R-matrices with spectral parameter, and dynamical quantum groups (both 
finite and infinite dimensional) associated to Lie groups other than GLj^. We plan 
to develop the representation theory of dynamical quantum groups, and explain its 
connection with exchange (Zamolodchikov) algebras, Kazhdan-Lusztig functors, KZ 
and quantum KZ equations. 

1. Classification of Quantum Dynamical 
r-matrices without spectral parameter 

1.1. Quantum dynamical R-matrix. 

Let [) be an abelian finite dimensional Lie algebra. A finite dimensional diagonal- 
izable {)-module is a complex finite dimensional vector space V with a weight decom- 
position V = such that f) acts on V[iJ,] by xv = iJ,{x)v, where x E i), 
V E V[ij]. 

Let Vi, i = 1, 2, 3, be finite dimensional diagonalizable t) modules, 

Rv,v, ■■ r ^ End{Vi ® Vj), l<i<j<S, 

meromorphic functions, 7 a nonzero complex number. The equation in End(yi (8) 1^2 ® 
^3), 

(1.1.1) i?i?^^(A-7M3))i?i3^^(A)J?g^^(A-7/^^')) 

is called the quantum dynamical Yang-Baxter equation with step 7 (QDYB equation). 

Here we use the following notation. If X e End(Vi), then we denote by X^*) e 
End(Vi <8) • • • (8) Fn) the operator • • • Id (g) X (8) Id • • • , acting non-trivially on the 
i-th factor of a tensor product of vector spaces, and if X = Xk E End{Vi (8) V}), 

then we set X'^^ — J2 ■^k^'^k''^ ■ The shift of A by 7/1 is defined in the standard way. 
For instance, R\^^y^{X — 7/*^^^) acts on a tensor vi ^ V2 ^ as R\^^y^{X — 7/^3) Id if 
V3 has weight ns. 

A function RviVj '■ ^* End(Vi <8> Vj) is called a function of zero weight if 

(1.1.2) (A), /i ® 1 + 1 /i] = 

for all /i G f), A G [)*. A solution {RviVj}i<i<j<3 of the QDYB equation is called a 
solution of zero weight if each of the functions is of zero weight. 
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If all the spaces Vi are equal to a space V, then consider the QDYB equation on one 
function R : I)* ^ End(r (g) V"), 



(1.1.3) R^\X - 7/i^3)) R^^{X) i?23(A - ^/i(i)) 

= i?23(A)i?i3(A-^/i(2))i?i2(A). 

An invertible function R of zero weight satisfying the QDYB equation (1.1.3) is called 
a quantum dynamical R-matrix. 

1.2. Quantization and quasiclassical limit. 

Let xi, ...,xn be a basis in 1^. The basis defines a linear system of coordinates on 
I)*. For any A G ()*, set = Xi{X), i = 1, A^. 

Let R~f : [)* ^ End(y i^V) he a smooth family of solutions to the QDYB equation 
with step 7 such that 

(1.2.1) R^{X) = 1 - 7r(A) + 0(7'). 

Then the function r : 1^* — > End(F (g) V) satisfies the classical dynamical Yang-Baxter 
equation (CDYB), 

i—i 1=1 1=1 

[^12^^13] ^ [^12^^23] ^ [^13^^23] ^ ^ 



A function r of zero weight satisfying the CDYB equation is called a classical dynamical 
r-matrix. The function r in (1.2.1) is called the quasiclassical limit of R, and the 
function R is called a quantization of r. 

Let C/ C [)* be an open set, and let R : U End(y ®V) he a. zero weight mero- 
morphic function on U . We will say that -R is a quantum dynamical R-matrix on U if 
the QDYB equation is satisfied for R whenever it makes sense. 

Remark. If ?7 is a bounded set, this notion is only interesting for small 7, so that 
the QDYB equation makes sense on a nonempty open set U' C U. 

A classical dynamical r-matrix r(A) on U is called quantizable if there exists a power 
series in 7, 

00 

(1.2.3) R^{X) = 1 - 7r(A) + Y^^rniX), 

n=2 

convergent for small I7I for any fixed X & U and such that R^{X) is a quantum dynamical 
R-matrix on U with step 7. 

1.3. Quantum dynamical R-matrices of Hecke type. 

Let [) be an abelian Lie algebra of dimension N. Let y be a diagonalizable f)-module 
of the same dimension N such that its weights u>i,...,lon form a basis in [)*. Let 
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xi, ...,xn be the dual basis of (). Let vi,...,vn be an eigenbasis for f) in F such that 
XiVj = SijVj. Then the f)-module V <SiV has the weight decomposition, 

(1.3.1) V®V = ©^=1 e ea<bVab , 

where Vaa = Cva^ Va and Vab = C Va ^ Vl, ® C ^ Va ■ 
Introduce a basis Eij in End(F) by EijV^ — ^jk^i- 

A quantum dynamical R-matrix i? : I)* — > End(F (8) V) for these f) and V will be 
called an R-matrix of qIn type. 

The zero weight condition implies that the R-matrix preserves the weight decompo- 
sition (1.3.1) and has the form 

AT 

(1.3.2) R{X) = J2 ®Ebb + J2 M><) Eba ® Eab 

a, 6=1 aj^b 

where aab, Pab : f)* ^ C are suitable meromorphic functions. 

Let P e End(y ® V) be the permutation of factors. Set i?^ = PR. 

Let p, q be nonzero complex numbers, p ^ —q. A function : f)* — > End(F (8) F) 
will be called a function of Hecke type with parameters p, q if 

1.3.3. The function preserves the weight decomposition (1.3.1). 

1.3.4. For any a = 1, and A G [)*, we have i?^(A)t;a ® =pVa®Va- 

1.3.5. For any a ^ h and A G ()*, the operator -R^(A) restricted to the two dimensional 
space Vab has eigenvalues p and —q. 

A function i? : {)* — >^ End(y ® V) will be called a function of weak Hecke type with 
parameters p, q if it preserves the weight decomposition (1.3.1) and for any A G f)* 
satisfies the equation 

(1.3.6) {R\\) - p) {R\\) + q) = 0. 

A relation between Hecke types is given by the following simple observation. Let 
i?t : {)* — > End(y (8) F), t G [0, 1], be a continuous family of meromorphic functions, 
which is analytic when t G (0, 1). Assume that for any t the function Rt is of weak 
Hecke type and Rt=o = Id. Then Rt is of Hecke type for any t. In fact, the matrix 
Ri^Q — P satisfies (1.3.4-5) and hence R^ satisfies (1.3.4-5) for any t. 

In the following sections we classify quantum dynamical R- matrices of qIn Hecke 
type. 

1.4. Gauge transformations and multiplicative closed 2-forms. 

In this subsection we introduce gauge transformations of quantum dynamical R- 
matrices of Hecke type. We shall use the notion of a multiplicative form. 

A multiplicative k-form on a vector space with a linear coordinate system Ai, Ajv 
is a collection, 

f = {¥'ai,...,afc(Al,..., Atv)}, 

of meromorphic functions , where ai, run through all k element subsets of {1, N}, 
such that for any subset ai, and any i, 1 < i < k, we have 

</?oi,...,ai+i,Oi,...,afe(Ai, Aat) (/'ai,...,Ofe(Ai, Atv) = 1. 
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Let il'^ be the set of all multiplicative fc-forms. 

If (fi and ip are multiplicative /c-forms, then {^Pai,...,ak (-^i; ^n) ■ ^ai,...,afc(Ai, Aat)} 
and {(^ai,...,afc(Ai, Aat) /'0ai,...,afc(Ai, Aat)} are multiplicative /c-forms. This gives 
an abelian group structure on Q^. The zero element in is the form {(pa^ (-^i; '^n) = 
!}• 

Fix a nonzero complex number 7. For any a = 1,....,N, introduce an operator Sa 
on the space of meromorphic functions /(Ai, Ajv) by 

Sa ■■ /(Ai, Aat) ^ /(Ai,...,Aiv)//(Ai,...,Aa-7, ...,Aiv) 
and an operator d-y : Q'^ ^ Q'^'^^, ip 1— > d^ip, by 

fe+i 

(^7'/^)ai,-,afe+i(''^l' '^-^v) = n ((^ai</i'oi,...,ai_i,ai+i,...,afc+i(Ai, Aat))^""^'' • 

We have = 0. A form will be called ^-closed ii dj(p = 0. 

Let (^(7) = {(^ oi,...,afc (Ai, Ajv,7)} be a smooth family of multiplicative A;-forms 
such that for all ai, ak, 

<Pa„...,ad>^,l) = 1 - 7Cai,...,a,(A)+0(72) 

for suitable functions Cai,...,afe (A). Then the functions {Cai,...,ak W} cire skew-symmetric 
with respect to permutation of the indices, so it is natural to consider a differential form 
C — X^(ji< <ak ^ai,...,akW ^^ai A...AdXa^. The differential form C is called the quasi- 
classical limit of the multiplicative form (p{j) and the multiplicative form (p{j) is called 
a quantization of the differential form C. It is easy to see that if (^(7) is 7-closed, then 
C is closed. 

Let U C be an open set, and let (/? be a multiplicative meromorphic fc-form on 
U. We will say that (p is 7-closed if the equation d^ip = is satisfied whenever it makes 
sense. 

A closed differential form {Cai,...,afe(A)} is called quantizable if there exists a power 
series in 7, 

00 

¥'ai,...,afc(A,7) = 1 - lCa,,...,akW + XI l'^)' 

n=2 

convergent for small I7I for a fixed X E U and such that {<^ai,...,Ofc(A, 7)} is a 7-closed 
multiplicative A;-form. 

Lemma 1.1. 

Every closed holomorphic differential k-form C defined on an open polydisc is quan- 
tizable to a holomorphic multiplicative closed k-form 'p{j). 

Proof. Since U is a, polydisc, we can find a holomorphic [k — l)-form E onU such that 
dE = C. Define a multiplicative [k — l)-form 9 on U hj Oa^...ak-i = ^~ "^-i. Set 
(/9(7) = d^9. Since = 0, the form </?(7) is a desired multiplicative closed /c-form. □ 
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Remark. The Taylor expansion of (^(7) in powers of 7 is well defined in U, but for 
each particular (even very small) nonzero 7, the form (^(7) is defined in a smaller open 
subset U'{'^) C U which tends to U as 7 — ^ 0. 

Now we introduce gauge transformations of quantum dynamical R-matrices, 
R : ^ End{V (g) F), of form (1.3.2) with step 7. 

1.4.1. Let {(pab} be a meromorphic 7-closed multiplicative 2-form on f)*. Set 

AT 

^(^) ^ Yl "««'^^) Eaa^Eaa </?ab(A) aah{X) Eaa^E^b + M>^) Eba^^Eab- 

0=1 a^b aj^b 

1.4.2. Let the symmetric group Sn , the Weyl group of gl^, act on 1)* and V by permu- 
tation of coordinates. For any permutation a e Sn, set 

R{X) ^ (f7 ® fx) R{a~^ ■ A) (f7"^ ® (7"^) . 



1.4.3. For a nonzero complex number c, set 

R(X) ^ ci?(A). 



1.4.4. For a nonzero complex number c and an element e f)*, set 

R{X) ^ R{cX + n) . 



It is clear that any gauge transformation of types (1.4. 2)- (1.4. 3) transforms a quan- 
tum dynamical R-matrix with step 7 to a quantum dynamical R-matrix with step 7. 
Any gauge transformation of type (1.4.4) transforms a quantum dynamical R-matrix 
with step 7 to a quantum dynamical R-matrix with step 7/c. In all cases, if the 
R-matrix is of Hecke type, then the transformed matrix is of Hecke type. If the trans- 
formation is of type (1.4.3) and the Hecke parameters of the R-matrix are p and q, then 
the Hecke parameters of the transformed matrix are cp and cq. 

Theorem 1.1. Any gauge transformation of type (1.4-1) transforms a quantum dy- 
namical R-matrix with step ^ to a quantum dynamical R-matrix with step 7. If the 
R-matrix is of Hecke type, then the transformed matrix is of Hecke type with the same 
parameters. 

Theorem 1.1 is proved in Section 1.9. 

Two R-matrices R : \)* ^ End(V ® V) and R' : \)* ^ End(y ® V) will be called 
equivalent if one of them can be transformed into another by a sequence of gauge 
transformations. 
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1.5. Classification of quantum dynamical R-matrices of Hecke type with 

parameters p, q such that q = p. 

If Hecke parameters satisfy p = q, then the Hecke equation (1.3.6) can be written as 



R^\X)R{X) = q^ld. 

Let X C {1, A^} be a subset. Say that X is decomposed into disjoint intervals, 
X = Xi U ... U Xn, if every X^ has the form {ak,ak + 1, •••,&fe} and a^+i > 6fe for 
k = 1, n — 1. 

A meromorphic function //(A) wiU be caUed j-quasiconstant if Sa/J' = for aU a. Fix 
a 7-quasiconstant : 1^* — > f)* with 7 = 1. Define scalar meromorphic 7-quasiconstant 
functions Hab : f)* ^ C by /Uab(A) = XaifJ-iX)) - xi,{ii{X)). Let Aa6 denote A^ - A^. 

Define Rux^ ■ i)* ^ Eiid{V (g) V^) by 
(L5.1) 

N n ^ 

i?UX,(A) = ^ Ka«)£^66 J2 —-{Eaa<»Ebb + Eta<»Eab). 

a,b=l k=l a,b€Xka^b ^"'^ f^"^^^' 

Theorem 1.2. 

1. For every X C {!,..., A?"} , the R-matrix Rux^ defined by (1.5.1) is a quantum 
dynamical R-matrix of Hecke type with parameters p = 1, q = 1 and step 7 = 1. 

2. Every quantum dynamical R-matrix of Hecke type with parameters p, q, such that 
p = q, is equivalent to one of the matrices (1.5.1). 

Theorem 1.2 is proved in Section 1.11. 

1.6. Classification of quantum dynamical R-matrices of Hecke type with 

parameters p, q such that q^ p. 

Assume that for any a,b, a ^ b, a 7-quasiconstant /i^b : f)* ^ C is given. We say 
that this coUection of quasiconstants is multiplicative if 
1.6.1. For any o, b, we have 

fJ-abW fJ'ba{><) = 1- 



1.6.2. For any a,b,c, we have 



Atac(A) = IJiab{>) IJ'bc{>) 



Fix a muhiphcative family of 7-quasiconstants with 7=1. 

Fix a complex number e such that e'^ ^ 1. Let X C {1, AT} be a subset, X = 
Xi U ... U Xn its decomposition into disjoint intervals. 

For any a, 6 G {1, A^}, a b, we shall introduce functions aab, Pab '■ i)* ^ C We 
shall introduce functions (3ab and then set aab — e*^ + Pab- 

If a, 6 e Xk for some k, then we set 

(1.6.3) PabiX) " ^ 



Ata6(A)e^^-'' - 1 
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Otherwise we set PabW = , if a < 6, and PabW = 1 — , ii a > b. 
Define Ryjx^ : f)* ^ End{V (g) V) by 

N 

(1.6.4) i?uXfc,e(A) = J] ® Ka + J] aa6(A) Ka ® £^66 + XI '^«''('^) ^''^ ® ^<^b ■ 

0=1 a^6 a^6 

Theorem 1.3. 

1. For every X C {1,...,N} , the R-matrix R\jXk,e defined by (1.6. 4) is a quantum 
dynamical R-matrix of Hecke type with parameters p = 1, q = and step 7 = 1. 

2. Every quantum dynamical R-matrix of Hecke type with parameters p, q such that 
q^p is equivalent to one of the matrices (1.6. 4). 

Theorem 1.3 is proved in Section 1.12. 

1.7. Quantization of classical dynamical r-matrices of gl^ type. 

Let V be the N dimensional [)-module considered in Section 1.3. Let r : [)* ^ 
End(y ® y) be a zero weight meromorphic function satisfying CDYB (1.2.2). Assume 
that r satisfies the unitarity condition, 

(1.7.1) r(A) + r2^(A) = eP + 6Id 

for some constants e, 5 G C and all A. The constant e is called the coupling constant, 
the constant 6 is called the secondary coupling constant. The zero weight condition 
implies that r has the form 

N 

(1.7.2) r(A) = Yl ««b(A) Eaa ® ^bb + PabW Eab ® • 

0,6=1 07^6 

We recall a classification of such r-matrices. First we introduce gauge transforma- 
tions of classical dynamical r-matrices. 

1.7.3. Let -0 = i,'^ab{^)dxa A dxj, be a closed meromorphic differential 2-form on [)* 
( and the notion of a closed differential form has the standard meaning). Set 

N 

r(A) ^ r(A) + J] Va6(A) Eaa ® Ebb . 
a^b 

1.7.4. For e f)*, set 

r(A) ^ r(A + /i) . 

1.7.5. Let the symmetric group Sn act on I)* and V by permutation of coordinates. For 
any permutation a e Sn, set 



r(A) (cT (g) cr) r(cr"^ • A) {a~^ O cr"^) . 
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1.7.6. For a nonzero complex number c, set 

r(A) I— > cr(cA). 

1.7.7. For a nonzero complex number c, set 

r(A) 1-^ r(A) + cid. 

Any gauge transformation transforms a classical dynamical r-matrix to a classical 
dynamical r-matrix [EV]. Two classical dynamical r- matrices r(A) and r'(A) will be 
called equivalent if one of them can be transformed into another by a sequence of gauge 
transformations. 

The gauge transformations of quantum dynamical R-matrices described in Section 
1.4 are analogs of gauge transformations of classical dynamical r-matrices. 

Classification of r-matrices with zero coupling constant, e = 0. 

Let X C {1, N} be a subset, X = Xi U ... U Xn its decomposition into disjoint 
intervals. 

Define a map r : I)* ^ End(y (8) V) by 

n ^ 

(1.7.8) rux, W = J2 — ® Eab . 

k=l a,bEX)^ a^b '"^ 

Theorem 1.4. 

1. For any X and its decomposition X = Xi U ... U X^ into disjoint intervals, the 
function ruXj, defined by (1.7.8) is a classical dynamical r-matrix with zero coupling 
constant. 

2. Any classical dynamical r-matrix r : 1^* — > End{V <S> V) with zero coupling constant 
is equivalent to one of the matrices (1.7.8). 

Theorem 1.4 follows from [EV]. 

Classification of r-matrices with nonzero coupling constant, e 0. 

Let X C {1, N} be a subset, X = Xi U ... U X^ its decomposition into disjoint 
intervals. 

For any a, 6 G {1, N}, a ^ b, we introduce functions Pab '• f)* ^ C. If a, 6 e X^ 
for some k, then we set 

PabW = cotanh( Aba) • 

Otherwise we set /3ab{^) — — 1, if a < 6 , and (3ab{^) — 1, if o > 6. 
Define r^x^ : V ^ End(F ® V) by 

(1.7.9) rux, (X) = P + MX) Eba Eab ■ 

a^b 
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Theorem 1.5. 

1. For every X C {1,..., A^} and its decomposition X = Xi U ... U X^ into disjoint 
intervals, the function ryjx^ defined by (1.7.9) is a classical dynamical r-matrix with 
nonzero coupling constant e — 2 and the secondary coupling constant 6 — 0. 

2. Every classical dynamical r-matrix r : f)* — > End{V 1^) with nonzero coupling 
constant is equivalent to one of the matrices (1.7.9). 

Theorem 1.5 follows from [EV]. 

Theorem 1.6. 

1. Every classical dynamical r-matrix r with zero coupling constant, holomorphic on an 
open polydisc C/ C f}*, can be quantized to a quantum dynamical R-matrix R-y on U , 
of Hecke type with parameters p, q such that p = q. 

2. Every classical dynamical r-matrix r with nonzero coupling constant, holomorphic 
on an open polydisc U G i)* , can be quantized to a quantum dynamical R-matrix R^ 
on U, of Hecke type with parameters p, q such that p ^ q. 

Proof. The R-matrix 

TV n 

R^xA^l) ^ ^ Eaa®Ei,i, -^{Eaa(^Ebb + Eba(^Eab) 

o,6=l fc=l a,b£X^. a^b '^^ 

is a quantum dynamical R-matrix of Hecke type with parameters p — q — 1 and step 
7. Its quasiclassical limit is 

" -1 

^'i^) = Y1 —^{Eaa®Etb + Eab ® Eab). 

k=l a,b£Xk aj^b 

Making the gauge transformation (1.7.3) corresponding to the closed form 
J2k ^a,beXk,a<b Kb dxaAdxb , we get the r-matrix r^Xk defined by (1.7.8) with /lab = 
for all a, b. This remark and Lemma 1.1 easily imply the first statement of the Theorem. 
The second statement is proved analogously. □ 

1.8. Quantum dynamical Yang-Baxter equation in coordinates. 

Consider a quantum dynamical R-matrix -R(A) of form (1.3.2). Assume that the 
matrix is of Hecke type, with step 7 = 1 and Hecke parameters p — 1 and q. Any R- 
matrix can be reduced to such an R-matrix by gauge transformations of types (1.4.3) 
and (1.4.4). 

The Hecke property implies that aaa = 1 and hence the matrix has the form 

TV 

(1.8.1) R{X) = J2^aa<» Eaa + ^ «a6(A) Eaa <^ E^b + ^ba ® Eab ■ 

0=1 07^6 aj^b 

The Hecke property also implies that for every a, c e {1, N}, a 7^ c, we have 

(1.8.2) /3ac{X) +/3ca(A) = 1 - g, 

(1.8.3) (3ac{X) (3ca{X) - aac(A)aca(A) = -q, 
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this is the trace and the determinant of restricted to Vac- 

Applying both sides of the QDYB equation (1.1.3) to a basis vector Va <S> Va <S) Vc & 
V^^, a 7^ c, we get equations 

(1.8.4) 

Q!ca(A - UJa) PacW Q!ac(A - UJa) + Pac{^ " ^a)^ = Pac{^ " ^a) , 
(1.8.5) /?ca(A - UJa) Pac{^) Q;ac(A - Ua) + Q!ac(A - U!a) Pac{>^ " ^a) = 

/5ac(A) Q!ac(A - 0;^) . 

Applying both sides of the QDYB equation (1.1.3) to a basis vector Va<^Vb<^Vc G V^^ 
with pairwise distinct a, 6, c we get equations 

(1.8.6) 

aabi>^ - oJc) aaci>^) abciX-oJa) = a6c(A) Q:ac(A - a;b) q;o6(A) , 

(1.8.7) 

Q;ac(A - UJb) aabW Pbc{><-'^a) = Pbc{><) Q!ac(A - LOb) Q:a6(A) , 

(1.8.8) 

Pab{>^- UJc)aac{>^)oibc{>^-UJa) = aacW abc{>^ - UJa) Pab{><) , 

(1.8.9) 

Pcb{X - UJa) PacW Oibci^-UJa) + atd^ - UJa) PabW Pbc{>^ - ^^a) = 

PacW Q;6c(A - U)a) PabW , 

(1.8.10) 

acb{X - UJa) Pac{>^) a6c(A - UJa) + Pbc{>^ " ^a) Pab{>^) Pbc{>^ " ^a) = 
a6a(A) /3ac(A - UJb) Q!a6(A) + /?a6(A) /?6c(A - UJa) PabW , 

(1.8.11) 

Pac{>^ - UJb) aabW Pbc{X - UJa) = 

PbaW PaM - ^b) aab(A) + aab{X) Pbc{>^ - UJa) Pab{>) ■ 

Lemma 1.2. For any a,c, a ^ c, the functions Q;ac(A) and q+PacW n-ot identically 
equal to zero. 

Proof. If CKac = 0, then equations (1.8.2)ac, (l-8.3)acj (l-8.4)ac, and (1.8.4)ca give a con- 
tradiction. Thus, aac and ctco are not identically equal to zero. Equations (1.8.2)oc, (1-8.3) 
imply 

(1.8.12) aac{X) aca(A) = (g + PacW) {q + PcaW) ■ 



The Lemma is proved. □ 
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1.9. Proof of Theorem 1.1. 

Let {fab} be a 7-closcd multiplicative 2-form on I)*. It is easy to see that equations 
(1.8.2)-(1.8.11) are invariant with respect to the gauge transformation (1.4.1). This 
proves Theorem 1.1. □ 

1.10. Relation aac = Q + Pac 

Consider a quantum dynamical R- matrix R{X) of form (1.3.2). Assume that the 
matrix is of Hecke type with step 7=1 and Hecke parameters p = 1 and q. For any 
a,c, a ^ c, set 

(1.10.1) ^ac(A) = l±£^ . 

Lemma 1.3. The collection of functions (p = {<fiac} is a ^-closed multiplicative 2-form 
with 7 = 1. 

Corollary 1.1. Apply to the R-matrix R[\) the gauge transformation (1.4-1) corre- 
sponding to the multiplicative 2-form ^p~^ . Then the coefficients of the transformed 
matrix satisfy the equation 

(1.10.2) aac = q + f3ac 
for all a, c. 

Proof of Lemma 1.3. Equation (facfca = 1 follows from (1.8.12). Equation d^ip = is 
a direct corollary of (1.8.6) and (1.8.7). □ 

1.11. Proof of Theorem 1.2. 

Let R{X) be a quantum dynamical R-matrix of Hecke type with paramaters p, q such 
that p = q. Using gauge transformations (1.4.3) and (1-4.4) we can make step 7=1 
and p = q = 1. By Lemma 1.3 we may assume that Q!ac(A) = 1 + /?oc(A) for all a ^ c. 
By (1.8.2) we have /?ac(A) = -/3ca(A) for aU a ^ c. 

Fix a,c, a ^ c, and solve equations (1.8.4)ac, (l-8.5)ac, (l-8.4)ca, (l-8.5)ca- 

Lemma 1.4. Any solution /3ac(A), /3ca(A) of equations (1.8.4)(jc, (1.8.5)^0 (1.8.4)co, 
(1.8.5)ca has one of the following two forms. 

1- Pac = Pea = 0. 

2. 

(1.11.1) Pac{X) = ^ , PcaW ^ 



where = — A*ca cind HacW is a meromorphic function periodic with respect to 

shifts of A hy Ua and U^, i^aci}^ - ^a) = ^J^ad^^ - t^c) = IJ'acW- 

Proof. It is easy to see that /3ac(A) = Pca{^) = is a solution. Now assume that 
Pac = -Pea ¥^ 0. Then (1.8.5)«e gives 

1 1 

+ 



PacW Pac{>^-O0a) 
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and (1.8.5)ca gives 

1 1 _ ^ 

/3ac(A) /3ac(A - U)c) 

Let //ac(A) = Xac - l//?ac(A). Then //oc(A - a;a) = A*ac(A) and /iac(A - a;c) = Atac(A). 
Hence 

/?ac(A) = 

where //ac(A) is a meromorphic function periodic in u>a and a;c. Similarly, 

/3ca(A) = —4 

where Hca{X) is a function periodic in and Uc- We have 

A^ac — A^ca since /3ac — Pea- 

It is easy to see that these functions Pac and (3ca solve equations (1.8.4)oc and (1.8.4)ca- 
The Lemma is proved. □ 

Equation (1.8.7) shows that the function (3ac{X) and hence the function jiaciX) is 
periodic with respects to shifts of A by u>ij for any b different from a and c. 

Consider equation {1.8.9)abc on functions /3af,(A), (3bc{X), (^ac{X). It is easy to see 
that if one of these three functions is identically equal to zero, then there is another 
function in this triple which is identically equal to zero. 

Introduce a relation on the set {1, A^}. For any a G {1, A^}, let a be related 
to a. For any a, 6 G {1, N}, a b, let a be related to b if the function (3ab{X) is not 
identically equal to zero. It is easy to see that this is an equivalence relation. 

Let Y C {1, N} be the union of all the equivalence classes containing more than 
one clement. Let y = Yi U ... U y„ be its decomposition into equivalence classes. 

If pairwise distinct a, 6, c G {1, A^} do not belong to the same equivalence class, 
then at least two of the three functions /3a6(A), /3bc(A), /3ac(A) are identically equal to 
zero. Hence this triple of functions satisfies equation {1.8.9)abc- If all three elements 
a, b, c belong to the same equivalence class, then equation {l.S.9)abc takes the form 

1 1^1 1 _ 1 1 

Ac6 ~ A^cb Aac ~ A*oc A^b — flab Afoc ~ A^6c A^c ~ A^ac Aafo — flab 

This implies that HacW = Habi^) + /if,c(A). Therefore there exists a 1-quasiconstant 
meromorphic map : 1^* — > f)* such that Atac(A) = Xa{fi{y<j) — a;c(A*(A)) for all a, c such 
that HaciX) is not identically equal to zero. It is easy to see that if the functions fiabi^) 
have this property then equations (1.8.8) and (1.8.10) are also satisfied. 

Let o" be a permutation of {1, N} which transforms the set Y and the decompo- 
sition Y = YiU ...UYn into a set X C {1, N} and its decomposition into disjoint 
intervals X = Xi U ... U Apply to the R- matrix -R(A) the gauge transformation 
(1.4.2) corresponding to the permutation a. Then the transformed R-matrix will have 
form (1.5.1) corresponding to the constructed decomposition X = X^L) ...L) X^. The- 
orem 1.2 is proved. □ 
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1.12. Proof of Theorem 1.3. 

Let -R(A) be a quantum dynamical R-matrix of Hecke type with paramaters p, q such 
that p ^ q. Using gauge transformations (1.4.3) and (1-4.4) we can make step 7=1 
and p — 1. Fix a number e such that q — e'^. 

By Lemma 1.3 we may assume that aac{^) = q + Pad^) for ah a ^ c. By (1.8.2) we 
have /?co(A) = 1 - g - /3ac(A) for ah a ^ c. 

Fix a,c, c, and solve equations (1.8.4)ac, (l-8.5)ac5 (l-8-4)co5 (l-8-5)ca- 

Lemma 1.5. Any solution /3ac(A), /9ca(A) of equations (1.8.4)ac, (l-8.5)ac) (l-8.4)ca, 
(1.8.5)ca has one of the following two forms. 

1. (3ac = 0, Pea = ^ - q or Pea = 0, /3ac = 1 - Q- 

2. 

(1.12.1) PaeiX) = T ' /5ca(A) = " ^ 



/iac(A)e^^-- - 1 ' ^'^ /ica(A)e^^-" - 1 

where iJ-aci^) IJ-cai^) = 1 a^^c? i^aci^) is a merom,orphic function periodic with respect 

to shifts of A hy Ua and Ue, IJ.aei>^ - ^^a) = A*ac(A - UJe) = l^aeW- 

Proof. Equation (1.8.4)oc can be written in the form 

(g + PaeiX - COa)) (1 - Pae{X ' tOa)) Pae{X) = (1 " Pae{X ' U^a)) Pae{X ' i^a) ■ 

Hence /3ac(A) = 1 or 

(1.12.2) (g + PaeiX - UJa)) Pae{X) = Pae{X - ^a) ■ 

The function Pac{X) cannot be identically equal to 1. In fact, if Pac{X) = 1, then 
equation (1.8.4)co gives = — g(l + g) which is impossible since we always assume that 

Equation (1.12.2)ac has constant solutions Pae{X) = or Pac{X) = 1 — g which cor- 
respond to the first statement of the Lemma. Now assume that Pac{X) is not constant. 
Introduce a new meromorphic function yac(A) = (/3ac(A) + g — l)//3ac(A). It is easy to 
see that 2/ac(A) 2/ca(A) = 1. Now equations (1.12.2)ac, (1-12. 2)ca can be written as 

(1.12.3) VaciX) = qyac{X-UJa), yac{X) = q~^ yac{X - (jJe) ■ 

Set idac{X) = yac{X) 6"^^"=. Then the function iiaeiX) is periodic with respect to shifts 
of A by UJa and uje- We have //ac(A) Aico(A) = 1. Returning to functions /?ac(A) and 
Pea{X) we get the second type of solutions. The Lemma is proved. □ 

Equation (1.8.7) shows that the function Pae{X) and hence the function jiaciX) is 
periodic with respects to shifts of A by ojh for any h different from a and c. 

If the function Pac{X) has form (1.12.1), then we say that the function Hac{X) is 
finite. If Pae{X) = 1 — g, then we say that Hac{X) = 0. If PacW = 0, then we say that 
Hac{X) = oo. If yUac(A) = 0, then //ca(A) = oo. If /iac(A) = oo, then /ica(A) = 0. 

For pairwise distinct a, b, c, we shall say that the equation 



(1.12.4) 



/ia6(A)/i6c(A) = A*ac(A) 
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holds if one of the following four conditions is satisfied. 

1.12.5. All three functions /^^^(A), /J-bd^), A*ac(A), are finite, and satisfy (1.12.4). 

1.12.6. HacW = oo and at least one of the functions HabW, fJ'bcW is equal to oo. 

1.12.7. HacW = and at least one of the functions HabW, IJ-bd^) is equal to 0. 
1.12.8. 

f^aci^) is finite, one of the functions iiab{^^ l^bci^) is equal to zero and the other is 
equal to infinity. 

Lemma 1.6. For any pairwise distinct a, h,c, equation (1.12.4) holds. 
The Lemma easily follows from equation (1.8.9). 



1.12.10. If (a, b)eY and (6, c) e F, then (a, c) G Y. 

1.12.11. If (a, b) belongs to F, then (6, a) does not belong to Y. 

By Theorem 3.11 in [EV], there exists a permutation a of numbers {1, N} such 
that for the new order on {1, N}, if (a, 6) e Y, then a < b. Apply to the R-matrix 
R{X) the gauge transformation (1.4.2) corresponding to the permutation a. Then the 
set Y defined by (1.12.9) for the transformed R-matrix is such that if {a,b) e Y, then 
a < b. From now on we denote by i?(A) the transformed matrix. 

Let Z = {(a, 6) \a<b} - Y. 

Lemma 1.7. 

1. If (a, b) belongs to Z , then all pairs (c, c + 1), c = o, o + 1, 6—1, belong to Z. 

2. If for some a,b, a < b, all pairs (c, c + 1) for c = a, a + 1, 6—1 belong to Z, then 
(a, b) belongs to Z. 

Lemma 1.7 is a special case of Lemma 3.13 in [EV]. 

Consider the subset X C {1, N} of all a such that there exists b with the property 
that (a, b) or (b, a) belongs to Z. 

Introduce a relation on the set X . For any a G X, let a be related to a. For any 
a,b & X,a < b, let a be related to b if (a, b) G Z. Lemma 1.7 implies that this relation 
is an equivalence relation. Let X = Xi U ... U X^ be the decomposition of X into 
equivalence classes. Lemma 1.7 implies that X = Xi U ... U Xn is a decomposition into 
a union of disjoint intervals. It is easy to see that the R-matrix -R(A) has form (1.6.4) 
for the constructed decomposition X = Xi U ... U X„. Theorem 1.3 is proved. □ 

1.13. Quantum dynamical R-matrices as an extrapolation of constant quan- 
tum R-matrices. 

Consider the vector representation V of the quantum group Uq{glN)- Then its R- 
matrix TZ G End(y ® V) has the form. 



Introduce 



(1.12.9) 



Y = {{a, b) I (a, b) G {1, TV}, a 6, Hab = oo}. 



Then 



N 



(1.13.1) 



n = ^ Eaa^Eaa +J2 ^"-^ ® E^b + Pab Eba ^ Eab 




where the numbers aabi Pab cire defined as follows: aab = Q, Pah = if a < 6 and 
aab = 1, (3ab = I — q if a > b. The matrix 7?. is a constant solution of the quantum 
dynamical Yang-Baxter equation (1.1.3). 

For any permutation a of numbers {1, N} we construct a new constant solution, 
TZa, of the quantum Yang-Baxter equation. TZa has form (1.13.1) where the numbers 
«ab, (3ab are defined by the rule: aab = Q, Pab = if a{a) < a{h) and aab = Ij l^ab = 1 — 9 
if cr(a) > a{h). 

Fix a complex number e such that e*^ = g. Consider the matrix 

AT 

(1.13.2) R{X) = Y,Eaa® Eaa + ^ «a6(A) Eaa «) £^66 + J] /3a6(A) ^^ba ® ^a6 

where the functions aad^) and Pad^) are defined by 

e*" - 1 

Pab{>^) = 7 , Oiab = + /?a6 . 

The matrix R{X) is the R-matrix of form (1.6.4) corresponding to data X = Xi = 
{1,...,N}. 

The R-matrix R{X) extrapolates the constant R- matrices {TZa} in the following 
sence. Let p = {N/2, {N - 2)/2, -N/2) e f)*. Let a{p) be the vector obtained from 
p by permutation of coordinates by a. Then 

(1.13.3) limt^+oo R{ I (J{p)) = . 

2. Quantum Dynamical R-matrices with Spectral Parameter 
2.1. Definition. 

Let [) be an abelian finite dimensional Lie algebra. Let Vi, i = 1,2,3, be finite 
dimensional diagonalizable f)-modules, 

: C X f)* ^ End{Vi ® Vj), I < i < j < 3, 

meromorphic functions, 7 a nonzero complex number. The equation in End(Vi ® V2 ® 
^3), 

(2.1.1) 

R\^,vM-^2, A - 7/^^'^) Rv.vM - ^3, A) R^^,vsi^2 -zsA~ ih^^^) 

= Rv.vM - -^3, A) R]^,vM -zs,X- ih^''^) Rv.vM^ -Z2, A) 

is called the quantum dynamical Yang-Baxter equation with spectral parameter and step 
7 (QDYB equation). In what follows we will use a notation Zij = Zi — Zj. 

A function RviVj : C x f)* — > End(T^ ® is called a function of zero weight if 

(2.1.2) [Rv.Vi (^, A), /i ® 1 + 1 ® /i] = 
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for all /i e f), 2; e C, A e f)*. A solutfon {RviVj}i<i<j<s oi the QDYB equatfon (2.1.1) 
is called a solution of zero weight if each of the functions is of zero weight. 

If all the spaces Vi are equal to a space V, then we consider the QDYB equation on 
one function R : i)* ^ En.d{V ® V), 

(2.1.3) 

R'\z,^, A - 7/^^'^) R'H^is, A) R^'{Z23, A - ^h^'^) 

= R^^iz^s, A) R'H^is, A - 7/^^'^) i?''(^i2, A) . 

A zero weight function R satisfying the QDYB equation (2.1.3) is called a quantum 
dynamical R-matrix with spectral parameter. An R-matrix is called unitary, if it satisfies 
the unitarity condition 

(2.1.4) R{z, X) R'^\-z, X) = 1. 

2.2. Quantization and quasiclassical limit. 

Let a^i, ...,a;7v be a basis in f). The basis defines a linear system of coordinates on 
1^*. For any A G ()*, set Aj =Xi{X), i = 1,...,N. 

Let Rj : Cxi)* End(y ® V) be a smooth family of solutions to equations (2.1.3) 
and (2.1.4) with step 7 such that 

(2.2.1) R^{z,X) = 1 - 7r(A) + 0(7'). 

Then the function r : C x f)* ^ End(V^ (8) V) satisfies the zero weight condition 

(2.2.2) [r{z, A), /i ® 1 + 1 ® /i] = 
for all h E I), z E C, X E I)* , the unitarity condition 

(2.2.3) r{z,X) + r^^{-z,X) = 

and the classical dynamical Yang-Baxter equation with spectral parameter (CDYB), 
(2.2.4) 

i=l * i=l * i=l * 

[r'\z^2,X),r'\z,s,X)] + [r'\z^2, X),r^\z23, X)] + [r'^z,^, X),r^\z23, X)] = 0. 

A function r{z, A) with properties (2.2.2)-(2.2.4) is called a classical dynamical r- 
matrix with spectral parameter. 

The function r in (2.2.1) is called the quasiclassical limit of R, and the function R 
is called a quantization ofr. 

Let t/ C f)* be an open set, and let R : C x U ^ End(y ® F) be a zero weight 
meromorphic function onCxU. We will say that i? is a quantum dynamical R-matrix 

19 



with spectral parameter on C x ?7 if the QDYB equation with spectral paramater is 

satisfied for R whenever it makes sense. 

A classical dynamical r-matrix r{z, A) with spectral parameter on C x C/ is called 
quantizable if there exists a power series in 7, 

00 

(2.2.5) R^{z,X) = 1 - jr{z,X) + 5^7V„(z,A) 

n=2 

convergent for small I7I for any fixed {z, A) G C x C/, such that R^{z, A) is a quantum 
dynamical R-matrix on C x [/ with spectral parameter and step 7. 

2.3. R- matrices of qIn type. 

Let f) be an abelian Lie algebra of dimension N. Let F be a diagonalizable f)-module 
of the same dimension such that its weights coi, ujn form a basis in {)*. Let xi, xn 
be the dual basis of \). Let vi, ...,vn he an cigcnbasis for f) in F such that XiVj = SijVj. 
Then the ()-module V ®V has the weight decomposition, 

(2.3.1) V^V = ef=iKa e ®a<bVab , 
where Vaa — ^ Va and Vab = C Va ^ Vb Q) C Vb <^ Va ■ 

A quantum dynamical R-matrix with spectral parameter, R : Cxi)* ^ End(F® F), 
for these I) and V will be called an R-matrix of gl^ type. 

The zero weight condition implies that the R-matrix preserves the weight decompo- 
sition (2.3.1) and has the form 

N 

(2.3.2) R{z, X) = Yl ®Ef,b + J2 A) Eba Eab 

a, 6=1 aj^b 

where aab, Pab '■ C x f)* — > C are suitable meromorphic functions. 

2.4. Gauge transformations. 

Fix a nonzero complex number 7. Let ip : i)* ^ C he a, function. For any a,b = 
1,...,7V, set 

dai^iX) = V(A)-V(A-^a), 

Lab'iPW = da1p{X) - db1p{X - UJa) = ^{X) - 2ip{X - UJa) + 'lp{X - UJa - ^b)- 

Introduce gauge transformations of quantum dynamical R- matrices, i? : C x f)* — > 
End(y ® V), of type (2.3.2) with step 7. 
2.4.1 Let ip he a meromorphic function on [)*. Set 

R{z,X) ^ 

iV 

e^a<.o,^(A) ^^^(^^ ^) ^Ebb + Y. e'"'"^^^^^ Mz, X) Eba ® Eab- 
0,6=1 07^6 
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2.4.2 Let {ifab} be a meromorphic 7-closed multiplicative 2-form on f)*. Set 

N 

R{z, A) ^ ^ aaa{z, A) Eaa ® Eaa + 
a=l 

^ ifabW aab{z, A) Eaa ^ E^b + Pab{z, A) E^a ® Eab- 

a^b a^b 

2.4.3 Let the symmetric group Sn act on f)* and V by permutation of coordinates. For 
any permutation a e Sn, set 

R{z, A) (a O a) R{z, ■ A) (ct~^ ® cr~^) . 

2.4.4 For a nonzero holomorphic scalar function c{z\ set 

R{z,\) ^ c(2)i?(2, A) . 

2.4.5 For nonzero complex number 6, c and an element e f)*, set 

i?(2;, A) 1-^ R{hz^ cX + fi) . 

It is clear that any gauge transformation of type (2.4.3) transforms a (unitary) quan- 
tum dynamical R-matrix with spectral parameter and step 7 to a (unitary) quantum 
dynamical R-matrix with spectral parameter and step 7. Any gauge transformation of 
type (2.4.4) transforms a quantum dynamical R-matrix with spectral parameter and 
step 7 to a quantum dynamical R-matrix with spectral parameter and step 7. If in 
addition we have c{z)c{z~^) — 1, then the gauge transformation of types (2.4.4) trans- 
forms a unitary quantum dynamical R-matrix with spectral parameter and step 7 to a 
unitary quantum dynamical R-matrix with spectral parameter and step 7. Any gauge 
transformation of type (2.4.5) transforms a (unitary) quantum dynamical R-matrix 
with spectral parameter and step 7 to a (unitary) quantum dynamical R-matrix with 
spectral parameter and step 7/c. 

Theorem 2.1. Any gauge transformation of type (2.4-1) or (2.4-2) transforms a quan- 
tum dynamical R-matrix with spectral parameter and step ^ to a quantum dynamical 
R-matrix with spectral parameter and step 7. Moreover, if the initial quantum dynam- 
ical R-matrix is unitary, then the transformed R-matrix is unitary. 

Theorem 2.1 is analogous to Theorem 1.1 and is also proved by direct verification. 
Namely, in order to prove Theorem 2.1 it is enough to write the QDYB equation (2.1.3) 
in coordinates, as it was done for equation (1.1.3) in Section 1.8, and then check that 
if functions aab{z,a) and /3ab{z,a) form a solution of the coordinate equations, then 
the transformed functions also form a solution. 

Two R-matriccs i? : C x 1)* ^ End{V O V) and R' : C x i)* ^ End{V ® V) wiU 
be called equivalent if one of them can be transformed into another by a sequence of 
gauge transformations. 
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2.5. Examples. 

The elliptic R-matrix. 

Fix a point r in the upper half plane and a complex number 7. Let 

be Jacobi's first theta function. 

Let i) be the Cartan subalgebra of qIn- It is the abelian Lie algebra of diagonal 
complex N X N matrices with the standard basis Xi = diag(0, . . . , 0, Ij, 0, . . . , 0), i = 
1, . . . , iV. Its dual space i)* has the dual basis uji. 

The vector representation oi qIn is V = with the standard basis vi,...,vn, 

Let R^''^^{z, A) e End{V^V) be the i?-matrix of the elliptic quantum group Et.^^/2{sIn), 
[Fl-2, FV2]. It is a function of the spectral parameter 2; e C and an additional variable 
A = (Ai, . . . , Ajv) e ()*. It is a solution of the CDYB equation (2.1.3) and satisfies the 
unitarity condition (2.1.4) [Fl-2]. The formula for is 

N 

(2.5.1) Rtf!r{z, X) = Y1 <^Eaa + Yl "('^' ^ab)Eaa ® £^66 + J] f^iz, Xab)Eta Kb, 

a—1 a^b a^b 

where Xab = Ao — A^ and the functions a, /3 are ratios of theta functions: 

(2.5.2) a(..A) = §A±lLl)^, /,(..A)=''('~-^'^"'(^'^> 



9(A,r)#(z-7,T)' • ' e(2-7,T)9(A,T)' 

Trigonometric R-matrices. 

Let X C {1, N} be a subset, X = Xi U ... U X„ its decomposition into disjoint 
intervals. 

For any a, 6 G {1, N}, a ^ b, we introduce functions aab, Pab '■ C x [)* — > C. 
If a, 6 e Xk for some k, then we set 

roc;o\ ^ u w sin(Aab + 7) sin(^) sin(^ - A^b) sin(7) 

(2.5.3) aab{z,X) = -, f!>ab{z,X) = -. 

sm(Aa6 ) sm{z - 7) sm(Aa6 ) sm{z - 7) 

Otherwise we set 

/r. r .\ / -i-Y sin(2;) ^ / i2 sin(7) 

(2.5.4) aab(-2,A) = e . , \ , /?a6(-2,A) = -e*^ 



sin(2; — 7) ' ' sin(2; — 7) 



if a < 6, and 



(2.5.5) aab{z,X) = .'^^"^ /3,,(2, A) = - e"^^ '^^^^^ 



sin(2; — 7) ' ^ ' sin(2; — 7) 



if a > 6. 
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Define a function ,7 : C x f)* ^ End{V ® V) by 

N 

(2.5.6) RS^Jz,X) = J2 Eaa^Eaa +J2 C^ab{X) E^a^ E^b + /3„b(A) ^ba ® Kb 

a=l 0^6 07^6 

where ciab and Pab are defined by (2.5.3) - (2.5.5). 
Rational R-matrices. 

Let X C {1, N} be a subset, X = Xi U ... U Xn its decomposition into disjoint 
intervals. 

For any a, 6 G {1, A^}, a b, we shall introduce functions aab, Pah '• C x t)* ^ C. 
If a, 6 e Xk for some k, then we set 

(2.5.7) aab[z,X) = - — -, Pab[z,X) = - — -. 

Kb {z - 7) {z - 7) 

Otherwise we set 

(2.5.8) aab{z,X) = ^—, Pab{z,X)= ^ 



^ — 7 ^ — 7 

Define a function R[jXkn ■ x f)* ^ End(K ® K) by 

TV 

(2.5.9) i?[,X„7(-2,A) = J2 Eaa®Eaa+Y. O^abW Eaa<» Ebb + M>^) Eba<» Eab ■ 

a=l aj^b a^b 

where aab and (3ab are defined by (2.5.7) - (2.5.8). 

Theorem 2.2. For any subset X C {1, N} and its decomposition X = Xi U ... UX^ 
into disjoint intervals, the functions R[^Xk 7 ^'^^ -^uXfe 7 ^'^^ ^^'^'^ weight solutions of 
the QDYB equation (2.1.3) satisfying the unitarity condition (2.1.4). 

Proof. According to [Fl-2] the elliptic R-matrix -R^'!^ ^ ^^^^ weight solution of the 
QDYB equation (2.1.3) satisfying the unitarity condition (2.1.4). 
Ifq = e^^^*^ ^ 0, then d{z) ~ 2^1/83^(77^). 

These two facts show that the R-matrix R^{z, A) of the form (2.3.2), with 

sin(Aa6 + 7) sin(2) sin(2 - Aa&) sin(7) 

<^ab{Z,A) — . , r~~~? \' Pab{Z,A) — . , n . . T 

sm(Aa6) sm(2 - 7) sm(Aab) sin{z - 7) 

for all a 7^ 6 and aaa = 1 for all a, is a zero weight solution of the QDYB equation 
(2.1.3) satisfying the unitarity condition (2.1.4). 

For any fixed del)*, the R-matrix R^{z, X + d) is also a zero weight solution of the 
QDYB equation (2.1.3) satisfying the unitarity condition (2.1.4). 

Fix a subset X C {1, N} and its decomposition X = X^U ...U X^ into disjoint 
intervals. It is easy to see that there exists a sequence of elements di G [)*, i = 1,2,... 
such that the R-matrix R^{z, X + di) has a limit when i tends to infinity, and this limit 
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is equal to R^^^Xk ji^i^)- '^^^^ observation shows that -R^Jx^ 7('^;'^) ^ ^^^'^ weight 
solution of the QDYB equation (2.1.3) satisfying the unitarity condition (2.1.4). 

Rescale the R-matrix R^^Xk 7^"^' consider a matrix R^Xz, A) = -RJJxI e-yi^^^ 

where e is a new parameter. Let 7, z, A be fixed and let e tends to 0. Then the limit 
of Re{z,X) is equal to Rl]xk,'y('^-> Hence, RUxk,yi'^'> ^) ^ weight solution of 
the QDYB equation (2.1.3) satisfying the unitarity condition (2.1.4). Theorem 2.2 is 
proved. 

□ 

2.6. Quantization of classical dynamical r- matrices of glN type with spectral 
parameter. 

Let V be the N dimensional [)-module considered in Section 2.3. Let r : C x f)* ^ 
End(F y) be a zero weight meromorphic function satisfying CDYB (2.2.4) and the 
unitarity condition (2.2.3). 

The zero weight condition implies that r has the form 

N 

(2.6.1) r{z, A) = ^ aab{z, A) Eaa E^b + A) Eab «) Eba . 

a, 6=1 aj^b 

Assume that the function r satisfies also the residue condition 

ReSz=o'^(A,2;) = eP +Sld. 

Here P e End(F <S> V) is the permutation of factors and Id e End(y <S> V) is the 
identity operator. The complex numbers e and S are called the coupling constant and 
the secondary coupling constant, respectively. We always assume that the coupling 
constant e is not equal to zero. 

We recall a classification of such r-matrices. First we introduce gauge transforma- 
tions of classical dynamical r-matrices with spectral parameter. 

2.6.2 Let ip = Yla b''l^ab{X)dxa A dxb be a closed meromorphic differential 2-form on I)*. 
Set 

r{z,X) 1-^ r{z,X) + ^^tpabiX) Eaa ® Ebb ■ 

2.6.3 For a holomorphic function ip : f)* — > C, set 

dxa dxb 



r{z,\) ^ 2^ {aab{z,\) + Z- —{\))Eaa®Ebb + 



a,b=l 

a^b 



2.6.4 For ^ei)*, set 

r{z, A) I— > r{z, X + /j,) . 
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2.6.5 Let the symmetric group Sn act on f)* and V by permutation of coordinates. For 
any permutation a e Sn, set 

r{z, A) (a (g) a) r{z, ■ A) {a~^ (g) a~^) . 



2.6.6 For a nonzero complex number c, set 

r{z, A) 1-^ cr{z, cA). 

2.6.7 For an odd scalar meromorphic function f{z), f{z) + f{—z) = 0, set 

r{z,X) ^ r{z,X) + f{z)ld. 



Any gauge transformation transforms a classical dynamical r-matrix with spectral 
parameter to a classical dynamical r-matrix with spectral parameter [EV] . Two classical 
dynamical r-matrices r{z, A) and r'{z, A) will be called equivalent if one of them can be 
transformed into another by a sequence of gauge transformations. 

The gauge transformations of quantum dynamical R-matrices with spectral param- 
eter described in Section 2.4 are analogs of the gauge transformations of classical dy- 
namical r-matrices with spectral parameter. 

Classification of the classical dynamical r-matrices with spectral parame- 
ter. 

The elliptic r-matrix. 

Fix a point r in the upper half plane. Introduce the functions 

9{w-z,t) e'jo.T) e'{z,T) 



where e'{z,T) = Set 

N 

(2.6.8) rf{z,X) = p{z)J2Eaa®Eaa + Y^ax^M^ab ® E^,a ■ 

For every r G C, Im r > 0, the function rf^z^ A) is a classical dynamical r-matrix with 
spectral parameter z, coupling constant e — 1 and secondary constant 6 = 0, [FW]. 
Trigonometric r-matrices. 

Let X C {!,..., N} be a subset, X = Xi U ... U Xn its decomposition into disjoint 
intervals. 

For any a, 6 G {1, A^}, a 7^ 6, we introduce a function Pab '■ C © I)* — > C. 
If a, 6 G Xk for some k, then we set 



sin(Aa6) sin(^) ' 
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Otherwise we set 



Pab{z,X) = . r \ ^ fora<6, Pab{z,X) = • / a for a > 6. 
We introduce a trigonometric r- matrix r*^^Xk ^ : C ® f)* — > End(F (g) V) by 

TV 

(2.6.9) r [z, A) = cotan {z) J] ^^aa + J] /5ab(-S, A) Eab ® £^ba, 

a=l a^b 

where cotan (z) = cos (z) /sin (2). 

Rational r-matrices. 

Let X C {1, N} be a subset, X = Xi U ... U its decomposition into disjoint 
intervals. Set 

P 1 

(2.6.10) r-£(z, A) = - + 5] J] ® . 

^ k=la,b€Xk,aj^b 

Theorem 2.3. 

1. For every subset X C {1,...,A'"} and zis decomposition X = Xi U ... U X^ into 
disjoint intervals, the matrices rf^Xk ^'^^ ^Uxk ^'^^ classical dynamical r-matrices 

with spectral parameter. 

2. Every classical dynamical r-matrix r : C x [)* ^ EndiV ® V) with nonzero coupling 
constant is equivalent to one of the matrices (2.6.8)-(2.6.10). 

Theorem 2.3 follows from [EV]. 

Theorem 2.4. 

Let R{z, A) he a unitary classical dynamical r-matrix r with spectral parameter and 
nonzero coupling constant, meromorphic on C x U, where U is an open polydisc. As- 
sume that for any X E U there exists z & C such that r is holomorphic at (A, z). Then 
r can be quantized to a unitary quantum dynamical R-matrix R-y on C x U of glN 
type. Moreover, if a classical dynamical r-matrix with spectral parameter and nonzero 
coupling constant is equivalent to the elliptic r-matrix (2.6.8) (resp., a trigonometric 
r-matrix (2.6.9) or a rational r-matrix (2.6.10)), then it has a quantization equivalent 
to the elliptic R-matrix (2.5.1) (resp., a trigonometric R-matrix (2.5.6) or a rational 
R-matrix (2.5.9)). 

Remark. It follows from [EV] that the holomorphicity assumption of Theorem 
2.4 holds for any meromorphic unitary classical dynamical r-matrix with a nonzero 
coupling constant, as long as C/ C Y{r) C \)* , where Y{r) is a dense open set. Thus, 
this assumption does not impose any significant restriction. 

Proof. We shall prove that if a classical dynamical r-matrix is equivalent to the elliptic 
r-matrix (2.6.8), then it is quantizable to a quantum dynamical R-matrix equivalent to 
the elliptic R-matrix (2.5.1). The other statements of the Theorem are proved similarly. 
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Compute the quasiclassical limit of R^^j^{z,X). For the functions a{z,X,^) and 
P{z, A, 7) defined in (2.5.2), we have 

a{z,x,^)-i _ e'jx) , e'jz) f3{z,x,^) _ e'{o)e{z~x) 
^ -l{X)^l{z)' — ^ — - "eimzT' 



Hence 

i?;;U^,A) = 1 -7r(^,A) + 0(7') 

where 



^(Aa6) e{z) 



bb 



/ , 777^ -f^fea <&) -C/ab 



aj^b 



e{Xab)e{z) 



-E( 



^'(A„ 



Now applying to the r-matrix r(^, A) the transformation (2.6.1) coresponding to the 
closed differential 2-form 

t^b ^^^^b> 

and then applying to the result the transformation (2.6.6) corresponding to the function 
f{z) = 9'{z)/9{z) we get the matrix r^^\z,X) defined by (2.6.7). This remark and 
Lemma 1 . 1 easily imply the statement of the Theorem concerning the elliptic r-matrix. 
Theorem 2.4 is proved. 
□ 

Remark. The elliptic quantum dynamical R-matrix (2.5.1) was invented by G. 
Felder [Fl-2] as a quantization of the classical dynamical r-matrix (2.6.8). 

2.7. Formal dynamical R-matrices and gauge fixing conditions. 

Let R^{z, A) = 1 — 7r(^, A) + X]„>2 l"">^n{Z: ^) be a power series in A and 7, whose 
coefficients are meromorphic functions of z, taking values in End{V <SiV) . The series 
is called a formal quantum dynamical R-matrix of qIn type with spectral parameter 
and step 7 if it is of zero weight and satisfies the quantum dynamical Yang-Baxter 
equation. In addition, R^ is called unitary if it satisfies the unitarity condition (2.1.4). 
In this section for brevity we will refer to formal quantum dynamical R-matrices of 
glN type with spectral parameter and step 7 as "formal dynamical R-matrices". As 
we know, any such R-matrix has form (2.3.2). 

The theory of formal dynamical R-matrices is completely analogous to the theory of 
analytic dynamical R-matrices. In particular, one can define formal classical dynamical 
r-matrices and formal gauge transformations in an obvious way. If R^ = 1 — 7r-|- ... is a 
(unitary) formal dynamical R-matrix, then r is a (unitary) formal dynamical r-matrix. 

An example of a formal dynamical R-matrix is the Taylor expansion of an analytic 
dynamical R-matrix Rj{z, A) at a point 7 = 0, A = Aq, such that R is regular at this 
point for generic values of z. 
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Proposition 2.1. Let Rj = 1 — 7r + ... be a unitary formal dynamical R-matrix, and 

zq E C a point where R^ is regular. Let Uab, f^ab be the matrix coefficients of R^, see 
(2.3.2). Then R^ can be transform,ed, by a sequence of formal gauge transformations, 
to a unitary formal dynamical R-matrix satisfying the following conditions: 

1 ) for every a, b, the ratio '^°->>i^'^-^^<:) ig independent of z; 

2) for every a <h, aab{zQ, A) = 1; 

8) the coefficient 0:11(2;, A) is independent of z. 

Proof. The QDYB equation with spectral parameter imphes the equation 
(2.7.1) 

aab{u, A - ^Uc) a.ac{u + V, A) OLijciv, A - 70;^) = ai,c{v, A) OLac{u + v,X- -fu>b) aabiu, A) 
for any a,b,c. Therefore, we have 

aab{u,X) 

for suitable power series Habc{X), Dabc{X). 

Lemma 2.1. There exists a formal power series V'(A) such that Dabc = dadi,dc'4>- 

Proof. Prom (2.7.1) it follows that Dabc is symmetric. From (2.7.2) it follows that 
ddDabc is symmetric. The rest of the proof of the Lemma follows from the basic theory 
of difference equations with infinitesimal shift. □ 

Corollary 2.1. Performing a gauge transformation (2.4-1), we can arrange D = 0, 
i.e. condition 1. 

From now on we assume that D = 0, i.e. 

(2.7.dj — — — - Jdabc[X). 

aab{u,A) 

This implies that aabiu, A) = al^fj{u)a'^^^{X), where a^j, are new functions. 

Consider the multiplicative 2-form (p defined by (pab{^) = ctabi^o, A), a < 6. It follows 
from (2.7.1) that djip = 0. Therefore, by a gauge transformation of type (2.4.2) we can 
arrange </? = 1, i.e. condition 2. 

It remains to arrange condition 3. By (2.7.3), aii{z,X) — f{z)g{X) for a suitable 
formal power series ^(A) and a meromorphic function f{z) such that f{z)f{—z) 
1 Applying transformation (2.4.4) with c{z) = l/f{z), we get condition 3. The 
Proposition is proved. □ 

We will call conditions 1-3 the gauge fixing conditions. 

2.8. Classification of unitary formal dynamical R-matrices with elliptic qua- 
siclassical limit. 

We will say that a formal classical dynamical r-matrix r is of elliptic, trigonometric, 
or rational type if it is gauge equivalent (by formal gauge transformations) to an r- 
matrix of the form (2.6.8), (2. 6. 9), (2. 6. 10), respectively, expanded near a point Aq G I)*. 
It follows from [EV] that any formal classical dynamical r-matrix satisfying the residue 
condition with coupling constant e 7^ is of elliptic, trigonometric, or rational type. 

28 



Theorem 2.5. Let = 1 — + 0(7^) be a unitary formal dynamical R-matrix 

whose quasiclassical limit r is of the elliptic type. Then there exist a point Aq G t)* and 
a power series ri^y) = tq + 0(7) G ^[[7]], Im{To) > such that the R-matrix R^ can 
be transformed, by a sequence of formal gauge transformations, into the Taylor series 
o/i?^"^(.^^(2, A — Ao) where R'^^^{z, A) is the elliptic R-matrix (2.5.1). 

The proof of this Theorem occupies the next section. 

2.9. Proof of Theorem 2.5. 

Let X° be the space of unitary formal classical dynamical r-matrices with spectral 
parameter and a nonzero coupling constant. Let be the subset of elements of X° 
which satisfy the following gauge fixing conditions: 

Ic) -^Oiab{z, A) is independent of 2;; 

2c) aah{zo, A) = 0, a < 6; 

3c) A) is independent of z 

(these conditions are quasiclassical analogues of conditions 1-3 above). 

According to the results of [EV], the space X° is a connected, finite-dimensional 
complex manifold (with singularities), and any element of X° is gauge equivalent to 
an element of X'^. (i.e. X^ is a "cross-section"). Moreover, since r e X° is of elliptic 
type, the manifold X^ is smooth at r. 

Let X be the space of unitary formal quantum dynamical R-matrices with spectral 
parameter, and X^ the subset of elements of X satisfying the gauge fixing conditions 
1-3. 

As we have shown in Section 2.7, we can assume that our family R^ is in X*. In 
this case, r G X^. 

Now let us prove the statement of the Theorem modulo 7"^+^ by induction in m. 

For m = 1, the Theorem is a tautology. Suppose we know the Theorem ioi m = k> 
2, and want to prove it for m = A; -|- 1. 

We have a polynomial Rk = 1 — 7r-|- ... -l-7'^rfc which satisfies the condition R^ G X^ 
modulo 7'^+^. We know that Rk satisfies the conclusion of Theorem 2.5 modulo 7^^"*"^, 
i.e. is of the form (2.5.1) modulo 7'^+^. 

Consider any extension of this polynomial to order k Rk+i = Rk + ^'''^^rk+i- 
The condition that Rk-\-i G X* modulo 7^^+^ can be expressed as a nonhomogeneous 
linear equation with respect to r/c+i having the form Ark-\-i = Sk-\-i{rk, T2, r), where 
A is a linear operator. 

The obvious, but crucial observation now is the following. 

Lemma 2.2. KerA = T^X^, where T^X° denotes the tangent space at the point r. 

Proof. Indeed, it is easy to see by an explicit calculation that the linear homogeneous 
equation Ap = is nothing else but the equation for a tangent vector to Xq at the 
point r. □ 

Corollary 2.2. The dimension of the space of solutions of Ark+i = Sfc+i is less than 
or equal to K — dim{X^) . 

However, by Theorem 2.4, we already have a family of elements of X^ with K param- 
eters - the quantizations of elements of X^. Therefore, using dimension arguments, we 
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obtain that if r^+i satisfies Ar^+i = Sk+i, then Rk+i{'y) has to be in this K-parametric 
family, which completes the induction step. 
The Theorem is proved. 



Remark. If r is not elliptic but rational or trigonometric, the result of Theorem 
2.5 can be generalized, in the sense that formal dynamical R- matrices R-y = 1 — 7r + ... 
with rational or trigonometric r can be explicitly classified up to gauge transformations 
by the same method as above. However, both the statement and the proof in this case 
are more delicate, as the manifold Xq may now be singular at r, and it is necessary to 
describe carefully these singularities. For simplicity one should first consider the case 
dim V = 2, and then generalize to an arbitrary dimension. We are not giving this 
argument here. 

3. Quantum Dynamical R-matrices and monoidal categories 

Let us briefly recall some standard notions of the category theory [Mac, Kass]. 

Recall that a morphism a : F ^ G of two functors from a category C to a category 
C is a choice of a morphism ax '■ F{X) — > G{X) for any object X in C, such that for 
any two objects X,Y e C and any morphism g : X we have aYoF{g) = G{g)oax- 
An endomorphism of a functor is just a morphism of this functor into itself. 

Recall that a monoidal category is a category C with a bifunctor (E) : C x C ^ C (i.e. 
a functor with respect to each factor), called the tensor product, and an isomorphism 
of functors $ : (* (g) *) * — > * (g) (* (g) *), called the associativity isomorphism, such 
that ^» satisfies the pentagon relation, and there exists a unit object 1 e C with 
certain properties. A braided monoidal category is a monoidal category with a fiinctorial 
isomorphism /3 : (g> ^ (E)"^ called the commutativity isomorphism, which satisfies the 
hexagon relations. A braided category is called symmetric if = 1. A monoidal 
category will be called a tensor category if it has an additive structure ©, such that (g 
is distributive with respect to ©. 

3.1. The category of [)-vector spaces. 

Let f) be a finite-dimensional commutative Lie algebra over C. Let Mf,* denote the 
field of meromorphic functions on [)*. Fix a complex number 7. 

Let Vfi denote the category whose objects are diagonalizable f)-modules, and mor- 
phisms are defined by Homvj, {X, Y) — Homf, {X, Y (gc M(,*). 



Let W ® * he the functor of multiplication by W. For any G Vj, and / G 
Endv^ [W], define /(* - 7/^(2)) e End(W^ (g *) by the formula 



for any v & V of weight n (cf. Section 1.1). 

Define a bifunctor (g : Vp, x V(, — V(, as follows. For any X, F e V(, , define X^Y to 
be the usual tensor product X ^Y. For any two morphisms / : X — > X', g -.Y ^Y' 
define the morphism f®g : X ®Y ^ X' ®Y' hj the formula 



□ 



(3.1.1) 



fv{^ — ^h^'^^){w <S> v) = fv{^ — ^fi)w (g V, 



(3.1.2) 



/®^(A) = /W(A-7/i^'))(l®^(A)). 
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It is easy to see that the category Vf, equipped with the bifunctor (g) is a tensor 
category (cf. [Mac]). Indeed, the functors *(g)(*(g)*) and (*(g)*)(g)* are equal, so ® is 
associative. Moreover, the object 1 = C (the trivial f)-module), satisfies the condition 
1 = and the functors X —>■ l^X, X — > X®1 are autoequi valences of V[,, so 1 is 

an identity object in Vf, . 

We will call this monoidal category the category of l^-vector spaces. If = 0, the 
category Vf, coincides with the category of complex vector spaces. 

If 7 = 0, the category Vf, is equivalent, as a tensor category, to the category of 
diagonalizable [)-modules, with scalars extended from C to Mf,«. This case is not very 
interesting, so from now on we will assume that 7 7^ 0. 

The category Vf, depends on 7, but the categories with different nonzero 7 are 
obviously equivalent. We will suppress the dependence of Vf, on 7 in the notation. 

Remark. It is clear that for any two objects X,Y E Vf^ the permutation operator 
axY '■ X^Y — > Y^X is an isomorphism in Vf,. However, if f) ^ 0, then this isomor- 
phism is not functorial in X and Y. In fact, it is quite easy to see that if f) 7^ 0, there 
is no functorial isomorphism between X^Y and Y^X: such an isomorphism would 
have to conjugate /(^^(A - jh^'^'>){l ® ^(A)) into g^^\X - -fh^^'>){l (g) /(A)) for any f,g, 
which is impossible, since there is no relation between /(A) and f{X — 'yfi) for a generic 
function /. Thus, the category Vf, is a tensor category which in general does not admit 
a braided structure. 

3.2. Dynamical quantum R-matrices and tensor functors- 
It is known from the theory of quantum groups that if we are given a braided 
monoidal category B, a symmetric tensor category V, and a tensor functor F : B ^ V, 
then for any object X E B we can construct an element R{B,F,X) G Autv(i^(-^) ® 
F{X)) which satisfies the quantum Yang-Baxter equation, by the formula 

(3.2.1) R{B,F,X)^F{/3xx)P, 
where 

/3xY : X (g)Y ^Y (g)X 
is the braiding in B, and P is the permutation. For brevity we will write R{B, F, X) as 
Rx- 

Suppose now that we are given a braided monoidal category B and a tensor functor 
F : B — > Vf,. Observe that formula (3.2.1) makes sense in this situation. However, since 
axY is not a functorial isomorphism, we should not expect Rx to be a solution to the 
quantum Yang-Baxter equation. Still, it turns out that Rx satisfies a modified version 
of the quantum Yang-Baxter equation, namely, the quantum dynamical Yang-Baxter 
equation (1.1.3). 

Theorem 3.1. The element Rx satisfies the quantum dynamical Yang-Baxter equation 
(1.1.3) in Endv^{F{X)®^). 

Proof. We start with the braid relation 

(3.2.2) (/?(8)l)(l(8)/3)(/?® 1) = (1 /?)(/? «)1)(1 (8)/?). 

Applying the functor F to (3.2.2), and using the definition of the tensor product of 
morphisms in Vf,, we get (1.1.3). □ 
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3.3. Representations of a quantum dynamical R-matrix. 

The notions discussed in this section were introduced in [F1,F2,FV1]. 

Let R : i)* ^ End(V V) be a quantum dynamical R-matrix (see Chapter 1). 

Definition. A representation of R is an object G V[j endowed with an invertible 
morphism L e End^^^ (V^W), called the L-operator, such that 

(3.3.1) R^\X - 7^3)) Li3(A) l23(A - 7^1)) 

= L23(A)Li3(A-7M2))i?i2(A). 

in Endv^ (V^V^W). 

Examples. 1. The trivial representation: W = C, L = Id. 
2. The basic representation: W — V ^ L = R. 

Let {W,L) be a representation of R. Let A e AvLtv^{W). Let L^{X) := (1 (8) 
A(A)-i)L(A)(l® A(A-7/iW)). 

Lemma 3.1. (W^,L^) is a representation of R. 

Proof. Straightforward. □ 

Let (W, Lw) and {U, Lu) be representations of R. 

Definition. A morphism A e Homy^ (W, U) is called an R-morphism if 

(3.3.2) (1 ® A{X))Lw{X) = Lu{X){l ® ^(A - ^h^^^)), 

Denote the space of i?-morphisms from W to U hj HoniR^W, U). 

It is clear that the composition of two R-morphisms is again an R-morphism. Thus, 
representations of R form a category, which we denote by Rep{R). This category is 
additive, with the obvious notion of direct sum. 

Definition. The tensor product of W and U is the pair {W ® U, Lw^u)} where 

(3.3.3) LwmW = ^^(A - 7h^^^)L}f{X). 

Lemma 3.2. (W ® U,Lw(^u) is a representation of R. 

Proof. Straightforward. □ 

It is clear that {W ®U) ® X = W ® {U ® X). 

Lemma 3.3. If W, W, U, U' are representations of R and f,g are R-morphisms then 
f®g is an R-morphism. 

Proof. Straightforward. □ 

Thus, we have equipped the category Rep{R) with a structure of a tensor category. 
Moreover, the forgetful functor F : Rep{R) Vf, is naturally a tensor functor. 

Theorem 3.1 shows that any pair (B, F : i3 — ^ Vf,) defines a system of quantum 
dynamical R-matrices. It turns out that conversely, any quantum dynamical R-matrix 
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R defines B, F, and X, such that R = R{B,F,X). The construction of B,F,X is 
parallel to the case of usual R-matrices (f) = 0), where it is well known. 

Namely, let B be the subcategory of Rep{R) whose objects are tensor powers of V, 
and morphisms are the same as in Rep(-R). It is clearly a monoidal category. Define a 
braiding /? on B by (3vv = RP (from the dynamical Yang-Baxter equation it follows 
that this is a morphism of representations V <^V ^ V <^V). It is easy to check using 
the hexagon axioms for the braiding that there exists a unique braiding on B with such 
Pvv- 

Let F : i3 — > V|, be the forgetful functor. We assign the pair {B, F) to R. It is clear 
that R = R{B, F, X) if we take X = V. 

3.4. Dual representations. 

It is useful to define the notion of the left and right dual representations. 

Definition. Let (W, Lw) be a representation of R. The right dual representation to 
W is the pair (W* , Lw*), where W* denotes the i)-graded dual ofW, and 

(3.4.1) Lw*{X) = L:^\X + ^h^^^y-, 

provided that the r.h.s. of (3.4-1) is invertible (here t2 denotes dualization in the second 
component). The left dual representation to W is the pair {*W, L*w) , where *W = W* , 
and 

(3.4.2) L.w{\) = L%{X-^h^^^)-\ 

provided that the r.h.s. of (3.4.2) is well defined. 

Remark 1. Here L^{X + ^h^^^Y^ denotes the result of three operations applied 
successively to L^/•. inversion, shifting of the argument, and dualization in the second 
component. Similarly, F^(A — 7/1*^^^)"^ denotes the result of three operations applied 
successively to Lw- dualization in the second component, shifting of the argument, 
and inversion. 

Remark 2. We do not define the representation W* if Lw* is not invertible, and 
do not define the representation if is not invertible. 

Lemma 3.4. The right dual representation (VF*, Ly\/*) and the left dual representation 
{*W,L*w) are representations of R, and ifW has finite dimensional weight subspaces 

then *{W*) = {*W)* = W. 

Proof. The Lemma can be checked by a direct calculation. It also follows from Propo- 
sitions 4.1 and 4.4 below. □ 

Lemma 3.5. // A : Wi W2 is a hom,om,orphism of representations of R, then the 
linear map A*{X) A{X + jh^^^Y = A^{X — jh^^^) is a homomorphism of representa- 
tions W2 — > Wi, and is a homomorphism of represenations *W2 — > *Wi, when these 
representations are defined. 

Proof. The Lemma can be checked by a direct calculation. It also follows from Propo- 
sitions 4.1 and 4.4. □ 

Remark. It is easy to show that for two finite dimensional representations VFi, W2 
of R, the representation {Wi (E)W2)* is naturally isomorphic to W2 ® VFi , and similarly 
for the left dual, if the corresponding dual representations are defined. 
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4. f)-HOPF ALGEBROIDS AND THEIR DYNAMICAL REPRESENTATIONS 

In this Chapter we will define the notion of an f)-bialgebroid, and give the simplest 
nontrivial examples - dynamical quantum groups associated to quantum dynamical 
R-matrices from Chapter 1. We will generalize this material in the next chapter. 

4.1. {)-bialgebroids. 

Let f) be a finite dimensional commutative Lie algebra over C, and 7 a nozero complex 
number. Recall that Mp,* denotes the field of meromorphic functions on P)*. 

Definition. An i)-algebra with step 7 is an associative algebra A over C with 1, en- 
dowed with an i)* -bigrading A = ©a,/36fi*^a/3 (called the weight decomposition), and 
two algebra embeddings Hi, iJ,r '■ M^* Aqq (the left and the right moment maps), such 
that for any a e and f e Mj,* , we have 

(4.L1) //K/(A))a = a^ii{f{\ + 7«)), ^ir{f{X))a = afXr{f{X + iP))- 

A morphism (f : A ^ B of two l^-algebras is an algebra homomorphism, preserv- 
ing the moment maps. By (4.1.1), such a homomorphism also preserves the weight 
decomposition. 

Let A, B be two [)-algebras with step 7, and (if , (i^ , jif , (if their moment maps. 
Define their "matrix tensor product" , A®B, which is also an f)-algebra. 

Definition. Let 

(4.1.2) {A®B)oc5 ■■= ®M^. Bf3s, 

where CSm^* means the usual tensor product modulo the relation /j,^{f)a 6 = a 
l^f{f)b, for anyaeA,beB,fe M^* . 

Introduce a multiplication in A®B by the rule (a ® b){a' (g) b') = aa' bb' . It is 
easy to show that this product is well defined (cf. Proposition 5.1). Define the moment 
maps for A^B by //f ®^(/) = //f (/)® 1, l^r^^if) = l®//^(/). It is easy to check that 
this makes A^B into an {)-algebra. It is clear that is functorial with respect to both 
factors, and {A^B)<SiC = A^{B<SiC). However, A<SiB is not, in general, isomorphic to 
B^A. 

Remark. The name "matrix tensor product" is used because formula (4.1.2) re- 
minds the matrix multiplication. 

Definition. A coproduct on an i)-algebra A is a homomorphism of i:)- algebras A : A ^ 
A® A. 

Let Df, be the algebra of difference operators Mf,* — > Mf,* , i.e. operators of the form 
Sr=i fiW^Pr^ where fi G Mf,*, and for /3 G [)* we denote by the field automorphism 
of given by (T^/)(A) = /(A + 7/3). 

The algebra is the simplest nontrivial example of an f)-algebra. Indeed if we 
define the weight decomposition by D^^ = ®{D^)a(3, where {Dtj)afj = if a 7^ and 
{Dtj)a(x = {/(A)T~^ : / G Mf,*}, and the moment maps fxi = fXr '■ M^* (-D(,)oo to be 
the tautological isomorphism, then D[, becomes an [)-algebra. 
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Lemma 4.1. For any [}-algehra A, the algebras A®D^ and D^®A are canonically 
isomorphic to A. 

Proof. Straightforward. □ 

Lemma 4.1 shows that the category of f)-algebras equipped with the product (g) is a 
monoidal category, where the unit object is D^. 

Definition. A counit on an i)-algebra A is a homomorphism ofi)-algebras e : A ^ D^. 

Definition. An \)-bialgebroid is an \)-algebra A equipped with a coassociative coproduct 
A (i.e. such that (A(8)/(i^)oA = (IdA<S>A)oA), and a counit e such that {e<S)IdA)oA = 
{Ha <8) e) o a = Ma- 

The property of the counit in the definition makes sense because of Lemma 4.1. 

4.2. Dynamical representations of f)-bialgebroids. 

Let W he a diagonahzable f)-module, and let C Homc(VF, ® -Df,) be the 

space of all difference operators on 1^* with coefficients in Endc(VF), which have weight 
a with respect to the action of f) in W. 

Consider the algebra -Dij^py = (BaD^w This algebra has a weight decomposition 
Dtj,w = ®a,p{Di),w)af:3 defined as follows: ii g & Homc(VF, VF® Mf,*) is an operator of 
weight (3 -a then gTj^'^ G {Dt,^w)ai3- 

Define the moment maps Hi, Hr '■ M^^* {D^ w)oo by the formulas iJ,r{f{X)) — /(A), 
Mf{X))^f{X-lh). 

Lemma 4.2. The algebra D^ w equipped with this weight decomposition and these 
moment maps is an i)-algebra. 

Proof. Straightforward. □ 

Lemma 4.3. There is a natural embedding of ^-algebras 9wu '■ -Df,,vK®-D[,,[7 Di),W(SU, 
given by the formula fTp (8) gT^ — > {f®g)Ts, where ® is defined in Chapter 3, and f e 
Hom{W,W ® M^*) . This embedding is an isomorphism ifW,U are finite-dimensional. 

Proof. We have to show that the map Owu is well defined, and is an embedding. We 
also have to show that 9wu is a homomorphism of l)-algebras, which is an isomorphism 
in the finite-dimensional case. 

The fact that 9wu is well defined follows from the identity <p{X)f^g = f^(p{X—^h)g, 
for any function cp G M^*. The injectivity of 9wuj and its surjectivity in the finite 
dimensional case are straightforward. 

It remains to show that 9wu is a homomorphism of [)-algebras. It is obvious that 
9wu preserves the moment maps, so it remains to show that it is multiplicative. We 
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have 



Owu{if{X)T^'®9{X)Ts-'){nX)T-'®g\X)T,-')) = 

OwuifWnx - 7/3)77+V ® gWg'ix - 7<^)T,-+V) = 

/(i)(A - 7/.(2))/'(i)(A - 7/^(2) - 7/3)(i ® ^(AV(A - 75))T,+V = 

/W(A - ^h^'^){l®g{X))/^'\X - ^h^'^ - ^S){l®g'{X - ^S))Ti_^\, = 

/W(A - 7/^(^))(l ^(A))T,-V'(^nA - 7/^^'))(l ® ^'(A))T,7^ = 
(4.2.1) ewuifiX)T7^ g{\)T^^)dwu{f'{X)TZ^ (g) ^'(A)T57'). 



The Lemma is proved. □ 

Definition. A dynamical representation of an '^-algebra A is a diagonalizahle \)-module 
W endowed with a homomorphism of\)-algebras ttw '• A D^,w ■ ^ homomorphism of 

dynamical representations (f : Wi W2 is an element of Homc{Wi, W2 ® M^*) such 

that O TTvi/^ (x) = TTvKa (^) ° V foT dll X E A. 

Example. If A has a counit, then it has the trivial representation: = C, tt = e. 

Suppose now that A is an [)-bialgebroid. Then, if W and U are two dynamical 
representations of A, the l)-module W ®U also has a natural structure of a dynamical 
representation, defined by 7rw(Siuix) = ^wu ° i'^w ® ^^u) ° A{x). 

It is easy to show that if / : Wi — > W2 and g : Ui ^ U2 arc homomorphisms of 
dynamical representations, then f(S)g is a homomorphism Wi (S)Ui ^ W2 CS) U2 (where 
(8) is defined in Chapter 3). This gives a rule of tensoring morphisms. Thus, dynamical 
representations of A form a monoidal category Rep (A), whose identity object is the 
trivial representation. 

Moreover, the category Rep(^) is equipped with a natural tensor functor Rep(^) — > 
Vi, to the category of f)-vector spaces - the forgetful functor. 

4.3. f)-Hopf algebroids and dual representations. 

Let us introduce the notion of an antipode on an f)-bialgebroid. 

Let A be an [)-algebra. A linear map S : A ^ A is called an antiautomorphism of 
l^-algebras if it is an antiautomorphism of algebras and o S' = jii, jii o S = ji^- Prom 
these conditions it follows that S{Aaf3) = _q,. 

Let A be an f)-bialgebroid, and let A, e be the coproduct and counit of A. For a e ^, 



Definition. An antipode on the i)-bialgebroid A is an antiautomorphism of \}- algebras 
S : A^ A such that for any a & A and any presentation (4-3.1) of A{a), one has 



where e{a)l G Mp,* is the result of application of the difference operator s{a) to the 
constant function 1. 



let 



(4.3.1) 




(4.3.2) 



Remark. It is easy to see that J2i '^iS{o4 
not on the choice of the presentation (4.3.1). 
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I) and S{al)a^ depends only on a and 



Definition. An \)-hialgehroid with an antipode is called an i)-Hopf algebroid. 

Remark. If [) = 0, the notions of an f)-algebra, [)-bialgebroid, f)-Hopf algebroid 
coincide with the notions of an algebra, bialgebra, and Hopf algebra, respectively. 

For any [)-Hopf algebroid A, the category Rep(yl) has the following natural notion 
of the left and right dual representation. 

If {W, TVw) is a dynamical representation of an l)-algebra A, we denote by n^^ : A 
Hom(W,l^(8) M^*) the map defined by 7r^^{x)w = 7rw{x)w, w E W (the difference 
operator 7rw{x) restricted to the constant functions). It is clear that ttw is completely 
determined by ^v^^. 

Definition. Let (W, ww) be a dynamical representation of A. Then the right dual 
representation to W is {W* ,tvw), where W* is the '^-graded dual to W, and 

(4.3.3) n"^, (x)(A) = nl,{S{x)){\ + -fh^ 7«)* 

for X G Acti3, where t denotes dualization. The left dual representation to W is 
{*W,TX*w), where *W = W* , and 

(4.3.4) Tr^w{^)W = ^wiS~\x)){X + 7/1 - ^af 
for X e Aap. 

Proposition 4.1. Formulas (4-3.3) and (4-3.4) define dynamical representations of 
A. Moreover, if A{X) : Wi —>■ W2 is a morphism of dynamical representations, then 
A*{X) := A{X + -fhy defines a morphism and *W2 *Wi. 

Proof. Let x G A^.p,, y G A^^p^. Then TT^{xy){X) = 7t^{x){X)n^{y){X - by 
the definition of a dynamical representation. Therefore, we have 

7r^.(a;y)(A)* = 7i:y^,{S{xy)){X + ^h - ja^, - -fay) = 7Tw{S{y)S{x)){X + 7/1 - ^a^, - jay) = 
'^wiS{y)){>^ + lh- 7a^ - 7ay + -fas{x) - i(^s{x))t^w{S{x)){X + 7/1 - 70^ - 7^^ - (5s{y)) = 

(4.3.5) 7r^(5(y))(A + 7/t - -fay - 7/3^)7r^(5(a;))(A + 7/t - -fa^). 
Dualizing (4.3.5), we get 

7r°.. {xy){X) = 7r°.(5(a;))(A + 7/1 - 7a,)V°.(5(y))(A + jh- jay - 7/?,)* = 

(4.3.6) 7rO..(x)(A)7r°..(y)(A-7/5.), 

which implies the first statement of the Proposition for W*. The proof for *W is 
obtained by replacing S by S~^. 

Let us prove the second statement. The intertwining property of ^(A) can be written 

as 

(4.3.7) A{X)7rUx)iX) = 7r^{x){X)A{X- jP,). 
Replacing x with S{x) and shifting the arguments, we get 

A{X + jh-jPa^)7T^{S{x)){X + jh-jax) = 

(4.3.8) 7r^iS(x)){X + jh- jax)A{X + jh- ja^ - jf3six)). 

Dualizing (4.3.8) and using the identity (3s(x) + ctx = 0, we get the second statement 
of the Proposition. The Proposition is proved. □ 
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4.4. f)-bialgebroids associated to a function : f)* — > End(y V). 

Let t) be a finite dimensional commutative Lie algebra, and V = ©Q6i^*Va a fi- 
nite dimensional diagonalizable t)-module. Let -R(A) be a meromorphic function f)* 
End{V ®V) , such that -R(A) is invertible for a generic A. Using R, we will now define an 
f)-bialgebroid An which we call the dynamical quantum group corresponding to R. This 
construction is analogous to the Faddeev-Reshetikhin-Sklyanin-Takhtajan construction 
of the quantum function algebra on GLjsj. 

As an algebra, Aji by definition is generated by two copies of Mp,* (embedded as 
subalgebras) and certain new generators, which are matrix elements of the operators 
L"^^ e EiidCV)® Aji. We denote the elements of the first copy of Mf,« as /(A^) and of the 
second copy as /(A^), where / e Mf,*. We denote by {L'^^)oci3 the weight components 
of L^^ with respect to the natural f)-bigrading on End(F), so that L^^ = (L'^p), where 
L^l e Homc(l^/3,14) ® Afl. 

Then the defining relations for A^ are: 



(4.4.1) /(A^)L,^ = L,^/(Ai + 7a); /(A2)L,^ = L,^/(A2 + 7/?); [/(A^), ^(A^)] = 0; 



(4.4.2) LL-^ = L-^L = 1; 
and the dynamical Yang-Baxter relation 

(4.4.3) R^\X^)L^^L''^ =: L^^L^^R^\X^) :, 

Here the :: sign ("normal ordering") means that the matrix elements of L should be 
put on the right of the matrix elements of R. Thus, if {va} is a homogeneous basis of 
V, and L = J2 Eab <S> Lab, -R(A)(fa <^Vb) = Y1 RtdW'^c ® Vd, then (4.4.3) has the form 

(4.4.4) Yl Kn^')L.bLyd = Yl Rlii>^^)LcyLa., 

where we sum over repeated indices. 

More precisely, the algebra Aji is, by definition, the quotient of the algebra A freely 
generated by Mf,* ® Mj,* and elements Lab-, {L~^)abi a,b — 1, ...,dim]/, by the ideal 
defined by relations (4.4.1)-(4.4.3). 

Introduce the moment maps for Aji by fJ,i{f) — f{X^), A*r(/) = /(A^), and the weight 
decomposition by /(A^),/(A^) G {Ar)oo, L^^p G Homc(V/3, 14) (g) {Ajijap. It is clear 
that Ar equipped with such structures is an [)-algebra. 

Now define the coproduct on Ar, A : Ar — > An^An-, by the usual Lie-theoretic 
formulas 

(4.4.5) A(L) = L^2^^^ A(L-^) = {L-^f^i^L-^f^ 

(here A is applied to the second component of L, L~^). 
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Proposition 4.2. A extends to a well defined homomorphism A — > A<S)A. 
Proof. From (4.4.5) we get 

(4.4.6) A{L^f,) = J2LlWe% 

e 

So it remains to show that the defining relations of Ar are invariant under A. The 
invariance of relations (4.4.1) follows directly from (4.4.6). Relation (4.4.2) is obviously 
invariant. To check the invariance of relation (4.4.3), we have to show that 

(4.4.7) R^\\\)L^^L^^L'^L'^ =: L^^ L^^ L"^ L^^ R^\Xl) : . 

(the subscripts 1,2 under A indicate that the corresponding functions are taken from 
the first and the second components of Ar in the product Ar®Ar; and, as before, the 
:: sign indicates that the functions of A* are written on the left from the L-operators) . 
We have 

(4.4.8) 

L^^L^^R^^XDL^^L'^ = L23l13 : L^^L^^R^\Xl) L^^ L^^ L^^ L^^ R^\Xl) : . 

(We replaced A^ by A2 in the middle of (4.4.8) since An^Aji is by definition inside of 
the tensor product Aji ®M(,* ^i?, where M^^ is mapped into the first component of A^ 
by Hr and into the second by acting from the left). The Proposition is proved. □ 

Now define the counit on the algebra Ar. Recall that the counit has to be an algebra 
homomorphism e : Aji ^ D^. 

Define the counit by the formula 

(4.4.9) £(L«/3) = 5«/3ldv„ ® T-\s{{L-^)ap) = S^^Idv^ T«, 

where Idv„ '■ ^ is the identity operator. 

We need to check that the counit is well defined, i.e. that the defining relations are 
annihilated by it. For relations (4. 4.1), (4. 4. 2) it is obvious. Relation (4.4.3) reduces to 
checking that 

(4.4.10) {^R'\X){ldv^®ldv,))0T-l^ = {J2^1dv^®ldv,)R''{X))(^T-l^, 

a, 13 a,P 

which holds because R has zero weight. 

Proposition 4.3. The counit axiom {Id^ e) o A = [e ® Id) o A = Id is satisfied for 
Ar. 

Proof. We need to check the relations on L. These relations follow from the fact that 
the elements ®Lo,p, L^p^Tp^ are mapped to L^p under the natural isomorphisms 

Di,®AR Ar, Ar®D^ Ar. □ 
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Thus, Afi is an iJ-biequi variant bialgebroid. We will call it the dynamical quantum 
group corresponding to the function R. 

It is also possible to consider the algebra generated by /(Ai), /(A2), L (without L~^). 
Denote this algebra by An. The algebra An is an l)-bialgebroid, which is naturally 
mapped to Ar. 

Remark. The algebra An was introduced in [FVl] under the name of "the operator 
algebra" . 

4.5. The antipode on Ar. 

Let A, B be algebras with 1. For X E A, define i{X) to be the inverse of X, and 
i*{X) to be the inverse of X in the algebra B ® Aop, where Aop is A with the reversed 
order of multiplication. Clearly, i'^ = = Id. 

Let / be the group freely generated by with relations = il = Id. We will 
say that an element X is strongly invertible if for any g & I the element g{X) is well 
defined. 

Definition. An invertible, weight zero matrix function R is said to be rigid if the 
element L G End{V) ® Ar is strongly invertible. 

Proposition 4.4. R is rigid if and only if Ar admits an antipode S such that S{L) = 
L-i. In this case, S^'^iL) = {i* i)"" (L) , S'^''+\L) = i{i*i)''{L). In particular, S{L-^) = 
i*i{L). 

Proof. Suppose that R is rigid. Extend the definition of the antipode by S{L~^) = 
i*(L~^) = i^i{L). It is easy to see that the relations of Ar are preserved, so this indeed 
defines an antihomomorphism S : A ^ A. Moreover, S is an isomorphism: the inverse 
is given by S'^iL-^) = L, S'^iL) = i^{L). 

Now suppose that S is defined. Then it is easy to check that {i*i)^{L) = S'^"^(L), 
i{i*i)''{L) = S'^'^+^{L), n e Z. This defines g{L) for aU gel. The proposition is 
proved. □ 

Remark 1. The proposition shows that for rigidity of R, it is sufficient that i*(L) 
and i^{L~^) be defined. 

Remark 2. Observe that in general S'^ ^ 1. 
Thus, if R is rigid then Ar is an l^-Hopf algebroid. 

4.6. Representation theory of Ar. 

Now consider the representation theory of Ar. As was pointed out in [FVl], the 
category Rep(Aij) of dynamical representations of Ar is tautologically isomorphic to 
the category Rep(i?) of representations of R. 

Proposition 4.4. The tensor categories Rep{AR) and Rep{R) are equivalent. 

Proof. Define the functor F : Rep{AR) Rep{R) to be the identity at the level of 
vector spaces, and set 

(4.6.1) Lr^w)=^w{L)- 
Define the functor F-^ : Rep{R) Rep{AR) by 



(4.6.2) 
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These functors preserve tensor structure, and are obviously inverse to each other. The 
Proposition is proved. □ 

It is easy to see that the functor T commutes with the duahty functors. Therefore, 
if R is rigid, then the representations of R are well defined for any W, and the 

category Repf{R) of finite-dimensional representations of R (= the category Repf{Afi) 
of finite dimensional dynamical representations of An) is a rigid tensor category [DM]. 
This explains our use of the word "rigid" . 

Although Aji is an f)-Hopf algebroid for any rigid zero weight function R, it does not 
always have nice properties. For a generic R, this algebra will be very small and will 
not have interesting dynamical representations. However if is a dynamical quantum 
R-matrix, then the category Rep(-R) is nontrivial (it contains the basic representation 
defined in Chapter 3), so by Proposition 4.4 the category Rep(Ai^) is also nontrivial. 
Thus, algebras Ar with R being a dynamical quantum R-matrix form a good class of 
l^-Hopf algebroids. From now on we will only consider Ar for R being a dynamical 
quantum R-matrix. 

4.7. Sufficient conditions for rigidity. 

Unfortunately, the definition of rigidity cannot be effectively checked, since it de- 
pends on the properties of the algebra A^, about whose structure we do not know very 
much. Therefore, we would like to find some effective sufficient conditions of rigidity. 

For any function X : f)* ^ End{V ® V), define the function X : i)* ^ End{V ® V) 
as follows. Suppose that for v,w E V one has X{X){v <Si w) = fi{X)vi (8) Wi, where 
fi e M(,* and Wi are homogeneous. Then set X{X){v<S>w) = fi{X + ^ wt{wi))vi<S>Wi, 
where wt{wi) denotes the weight of Wi. 

Let Rhe a dynamical quantum R-matrix with step 7. Assume that i^{R) is defined. 

Let us write R in the form R = ^ai®hi, and i^{R) in the form i^{R) —^Ci® di. 

Define the operators Q = J^^iCi, Q' — J^'^i^i ■ ^* — End(V). These operators are 
of weight zero with respect to i), since R is of weight zero. 

Proposition 4.5. Suppose R is such that i^{R) is defined, and R satisfies the following 
conditions: 

(i) The operator Q is invertible for a generic X. 
(a) The operator Q' is invertible for a generic X. 
Then R is rigid, and 
(4.7.1) 

i,{L-^)^S\L) =: (Q(A1)®1)L(Q-1(A2)®1) :=: {Q' {X'+-ih)-^®l)L{Q' {X^+-ih)m) : . 

Remark. It is clear that (i) and (ii) are satisfied for i? = 1 and are open condi- 
tions. Therefore, Proposition 4.5 shows that if R^ is a continuous family of quantum 
dynamical R-matrices with step 7 such that i?o = 1, then R^ is rigid for small 7. 

Proof. First of all, let us deduce a commutation relation between L and L~^. 

Multiplying the dynamical Yang-Baxter equation by (L~^)^^ on the right, we get 



(4.7.2) 



i?i2(Ai)Li3 l23l13^12^A2)(l23)-i :, 
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Let {va} be an {)-homogeneous basis of V, and L = '^Eat Lab- Denote by uja the 
weight of Va- Then we have 

(4.7.3) Y.^abL'fb ■■ L'^R'\X^){L^'r' ■-= L^' : L'^R'\X^) : (L^^)-!. 
Therefore, multiplying (4.7.2) on the left by (L^"^)~^ we get 

(4.7.4) (L23)-i : R^\X^)L^^ L^^R^\X^){L''Y^ :, 

Transforming the left hand side of this equation similarly to (4.7.3), we arrive at the 
equation 

(4.7.5) : (L23)-i^12(a1)L13 :=: L^^R^\X^){L''^)-^ :, 

which is the desired commutation relation. 
Now, using property (i), define 

(4.7.6) T =: (g(A^) (g) 1)L{Q-\X'^) (g) 1) :e End(V^) (g) Ar. 

Let * denote the product in the algebra End(F) (g) {Aji)op- Let us compute the product 
L-^*T. 

Set = (L-i)„b. Then we get 

(4.7.7) L-UT = Y,{EpqQ{X^)ErsQ-\\^) Lrs{L-\g). 

Using (4.7.5), we can rewrite (4.7.7) in the form 
(4.7.8) 

L-^*T= {Y^di{X^)Ershj{X^)Q{X^)aj{X^)EpqCi{X^)Q-\X^) ® 1)(1 ® Lrs{L-%q). 
Using the definition of Q, we have 

(4.7.9) Y^hQa, = l. 

Substituting (4.7.9) into (4.7.8), we get L"^ * T = 1. 
Now, using property (ii), define 

(4.7.10) T' =: (g'(A^ + 7/*)"^ ® l)L{q'{X^ + 7/t) 1) : . 

Then, analogously to the above, we get T' * L-^ = 1. Thus, T = T' = z*(L-i). 
It is easy to see that 

(4.7.11) u{L) =: {Q-^X") ® l)L{Q{X^) ® 1) : 
Thus, R is rigid. □ 

Now we will show that any rigid quantum dynamical R-matrix satisfies a certain 
crossing symmetry condition. 

For an invertible zero weight function X{X) e End(V (g) V), set 

(4.7.12) T{X){X) = X-\X + jh^'^^Y\ 
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Corollary 4.1. Let R be a rigid quantum dynamical R-matrix on V. Then t{R) is 
invertihle, and R satisfies the crossing symmetry condition 

(4.7.13) r\R) = (Q(A - 7/1^2)) ® 1)R{X){Q-\X) ® 1). 



Proof. It is clear that t^{R) — Ly**, where V is the basic representation of R. There- 
fore, using (4.7.1) in the basic representation, we get (4.7.12). □ 

4.8. Dynamical quantum groups associated to dynamical R- matrices of qIn 
type. 

Now suppose that i? is a dynamical R-matrix of glN-type. Then it has form (1.3.2), 
and we can write the defining relations for Af; more explicitly. Since all weight sub- 
spaces of V are 1-dimensional, we have {L^^)ai3 G A. For brevity we write {L^^)ab for 
{L^%^^,. Thus, we have L±i = EKb ® {L^^)ab- 

In this notation, the defining relations for An look like 



LL-^ = L-^L = 1, 



f{X^)Lbc = LbJ{X' + 'yujb), f{X^)Lbc = LbJ{X^ + 7(^0), 



LnsL 



as^at 



1-A.(A2) 

T T _ «a6(A^) 

^bs^as — Z ^ — TTTT^as^bsj 0!. 7= 0, 

1 - Pab{X'-) 

{4:.8A)aabiXi)LasLbt - agtMLbtLas = {PtsM - PabM)LbsLat,a b,s^t, 



where l3ab are the functions from (1.3.2). 

Remark. It is also possible to define dynamical quantum groups associated with 
dynamical R-matrices with spectral parameter. It is done analogously to the above, 
and we will do it in detail in a forthcoming paper. For example, if R{z, A) is a quantum 
dynamical R-matrix with spectral parameter of elliptic type (i.e. of the form (2.5.1)), 
we will get the elliptic quantum group defined in [F1,F2,FV1,FV2]. Relations (4.8.1) 
(for dynamical R-matrices of gl n Hecke type) can be obtained as a limiting case of the 
defining relations for the elliptic quantum group. 

4.9. Rigidity of the rational and the trigonometric dynamical R-matrix. 

Consider the trigonometric dynamical R-matrix R{X) defined by (1.6.4), with X = 
{l,...,iV}, and flab = 1- 

Proposition 4.6. R{X) is rigid, and the matrices Q, Q' are given by the formulas 
Q = diag{Qi, Qn), Q' = diag{Q[, Q%), 

Qai^) = Il^ 

(4.9.1) Q',{X)^qQ-\X), 
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where q = e^. 

Proof. First of all, it is not hard to show by a direct computation that the matrix (R) 
is defined. So it remains to show that the elements Q, Q' are invertible. 

Let -P(A) = Q'{X + jh). Let Pi.Qi be the diagonal entries of P, Q. As we know, 
these entries are defined by the following systems of linear equations: 

Qa + /3a6(A + ^UJa)Qb = 1, 
(4.9.2) Pa + J2 f^bai>^ + ^'^b)Pb = 1- 

The explicit form of the systems (4.9.2) is 



^'^ + Yl nl+Xb-Xa _ 1 ^b 



Qfl+Ab— Aa _ 1 

b^a ^ 

Thus, if one of these systems is nondegenerate (which we show below) then Q{X) = 
P(-A). 

From now on we consider only the first system. Note that it can be conveniently 
written as 

6 

Define Xb = q^^'Qb- Then (4.9.3) can be written as 

where [x] = ^^Ey- Thus, the vector X is defined by X = C~^l, where Cab = \-[\^, \ ■> 
and 1 is the vector whose components are all equal to 1. 

To invert the matrix C, we use the well known combinatorial identity (which is called 
the "Bose- Fermi correspondence" in physics): 

(4.9.5) det(^) = n.<,fe-^,)n.<,fe-») 

Applying this identity to Xi — [1 + Xi] , yi = [Xi] , and using the usual rule of inverting 
matrices, we get 

(4.9.6) {C-%b- n(.,,):.=.or,=a(^.-l/.) 
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In particular, 



(4.9.7) = ^(C-^U = ^'^T-i, E ' 





-Va) 




Vj) 







Yij^bi^b-Xj)' 

Claim. 

(4.9.8) 



Proof of the claim. Consider the expression on the l.h.s. of (4.9.8) as a rational 
function oi z — Xa for fixed Xb, h ^ a. This function has no more than simple poles at 
xi), b ^ a, and no other singularities; it equals 1 at infinity. Thus, it suffices to show 
that its residues vanish, which is obvious: only two terms contribute to each residue, 
ant these two terms cancel each other. 



Thus, we get: 
(4.9.9) Qa{X) = q-^'^ 



n,([i+Ad-[Aa]) 

Ui^iK] - [Xa]) ^ 



i.e. 



(4.9.10) 




Therefore, 

(4.9.11) QUA) = p.(A - .J = n u._ L., = n v^^. -V- = 

Thus, R is rigid, and Q, Q' are given by formula (4.9.1). The proposition is proved. 

□ 

An analogous theorem holds for the rational dynamical R-matrix (1.5.1) (with X = 
{1, A^} and jiab — 0). The formulas for Q, Q' for such R are obtained from (4.9.1) 
as g — > 1. 

It is easy to show that the property of rigidity is preserved by gauge transformations, 
so we get 

Corollary 4.2. Any quantum dynamical R-matrix R of qIn Hecke type is rigid. 

Clearly, the elements Q, Q' for any such R can be easily computed from (4.9.1). 
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5. iif-BIEQUIVARIANT HOPF ALGEBROIDS 

In this chapter we generahze the notions of an [)-algebra, [)-bialgebroid, [)-Hopf 
algebroid to the case when the Lie algebra i) is not necessarily commutative, and define 
quantum counterparts of the quasiclassical notions introduced in Chapters 1-2 of [EV]. 

We will define the notions of an iif-biequivariant Hopf algebroid and quantum 
groupoid. The notion of an i/-biequivariant quantum groupoid is a quantum ana- 
logue of the notion of an iif-biequivariant Poisson groupoid, introduced in [EV]. We 
will also introduce less general notions of a dynamical quantum groupoid and Hopf al- 
gebroid, which are quantum analogues of the notions of a dynamical Poisson groupoid 
and Hopf algebroid. 

In this chapter we will work mostly in the setting of perturbation theory. That is, 
quantum objects will be defined over where k is some field, and give classical ob- 

jects modulo h and quasiclassical ones modulo /i^. We discuss the relationship between 
the quasiclassical and quantum objects, and questions regarding quantization. 

5.1. Quantization of Poisson algebras. 

In this section we will remind some well known facts from the theory of deformation 
quantization. 

Let be a field of characteristic zero. Let K = /c[[/i]]. By a topologically free 
K-module we mean a ii'-module of the form where F is a A;- vector space. All 

K-modules we will use will be topologically free. By tensor product of two such modules 
we will always mean completed tensor product over K. 

Let Aq be a commutative algebra over k with 1. Recall that according to Grothen- 
dieck, a linear operator D : Aq ^ Aq is a difi'erential operator of order < A^, > 1 
if for any a E Aq the operator / — > D{af) — aDf is a differential operator of order 
< N — 1, and a differential operator of order is the operator of multiplication by an 
element of Aq. If Aq is the algebra of regular functions on a manifold (smooth, analytic, 
algebraic, formal) then "differential operator of order N" means what it usually means 
in geometry. 

Let Aq be a Poisson algebra over k with 1, with Poisson bracket {, }. Recall that by 
a quantization of is meant a K-module ^ = ^o[[^]] equipped with a K-linear binary 
operation * : A A ^ A, which defines an associative algebra structure on A, such 
that A/hA = Aq as an algebra, and \{f * g — g * f) mod h = {f,g}, f,g&AQ(zA. In 
this case Aq is called the quasiclassical limit of A. 

Let f,g E Aq. Then 

(5.1.1) f^g = fg + hc^{f,g) + h^C2{f,g) + 

where Ci : Aq ® Aq ^ Aq are linear maps. A quantization defined by (5.1.1) is called 
local if Ci{f,g) is a differential operator in / and g for any i. If Aq is the algebra 0{X) 
of regular functions on a smooth manifold X, and ^ is a local quantization of Aq, 
then A defines (by formula (5.1.1)) a quantization Au of the algebra {Au)o = 0{U) of 
regular functions on any open subset U of X. In other words, it defines a quantization 
of the sheaf of regular functions. This holds also in the holomorphic and algebraic 
situations, if X is affine. 
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Let X be a manifold, and let T*X be its cotangent bundle. Let = 0{T*X)p 
be the Poisson algebra of regular functions on T*X which are fibcrwisc polynomial of 
a uniformly bounded degree. This Poisson algebra has a distinguished quantization 
A — Oq{T*X)p called the canonical quantization (q is not a parameter here but the 
first letter of the word "quantum"). Namely, A is the algebra of formal series of the 
form Ylin>o ^^^ni where Di are differential operators on X, such that n > order(Dn), 
and n — order(D^) — > +00, as as n — >^ 00. It is easy to check that this quantization is 
local, so it defines a quantization Au = Oq{U) of the Poisson algebra {Au)q = 0{U) 
of regular functions on an open subset U e T*X. 

Let be a Lie algebra, and q* be its dual space, with the usual Poisson structure. 
Consider the Poisson algebra 0{g*)p of polynomial functions on g*. This algebra has a 
distinguished quantization A = Oq{g*)p, called the geometric quantization. Namely, A 
is the algebra of formal series of the form X]n>o ^^-^n, where Di G U{q), n > order(D^), 
and n — order — > +00, n ^ 00. It is easy to check that this quantization is local, so 
it defines a quantization Ajj — Oq{U) of the Poisson algebra {Au)q — 0{U) of regular 
functions on an open subset U E Q*. 

5.2. iy-biequivariant associative algebras. 

In this section we will introduce the notion of an iJ-biequivariant associative algebra. 
This notion is a quantum analogue of the notion of an iy-biequivariant Poisson algebra, 
introduced in a previous paper [EV]. 

Let A be an associative algebra over K with 1, which is commutative mod H, H a, 
connected affine algebraic group over k, and ijj : Ax H ^ Ahe a right algebraic action 
of on A by automorphisms, defined over k. This means that A, as a representation 
of if, has the form ylo[[^]]) where Aq is a sum of finite dimensional representations of 
H over k. 

Let f) be the Lie algebra of H. Let U C {)* be an if-invariant open set. A homomor- 
phism ji : Oq{U) — > ^ is called a quantum moment map for if; if for any linear function 
on U given by a e f) and any / e ^ we have 

(5.2.1) [^i{a),f] = M^|;\h=l{a,f). 

Here dtl>\h=i : i) x A ^ A is the differential oi ijj at h = 1 & H . Using the Leibnitz 
identity for the operator g — > [fi{g),f], from (5.2.1) one can compute [fj,{g),f] for any 
rational function g. 

For a left action of a quantum moment map is defined in the same way, with the 
only difference that it is an anti-homomorphism rather than a homomorphism. 

Definition. An H -biequivariant associative algebra over U is a 5-tuple {A, I, r, /x;, Hr), 
where A is an associative algebra with 1 over K, which is commutative mod h, l,r is 
a pair of commuting algebraic actions of H on A (a left action and a right action) by 
algebra automorphisms, defined over k, and niiHr '■ Oq{U) A are quantum moment 
maps for I, r, such that 

(i) HiiiJir are embeddings, and their images commute; 

(ii) There exists an 1{H) x r{H) -invariant k-subspace Aq of A such that the multipli- 
cation map j-iriOqiU)) ® A^Q ^ A is a linear isomorphism; there exists an 1{H) x r{H)- 
invariant k-subspace Aq of A such that the multiplication map fj,i{Oq{U)) ^ Aq ^ A is 
a linear isomorphism. 
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A morphism of H -biequivariant associative algebras overU is a morphism of algebras 
which preserves I, r and fii, fJ,r- 

Remark 1. From [/,r] = it follows that [jdi o x,iJ,r o y] is a central element for 
x,y G [), but it does not follow that this commutator equals 0. So we require that it is 
zero by condition (i). 

Remark 2. Condition (ii) is of technical nature and is not very important in the 
discussion below. 

Denote the category of iJ-biequivariant associative algebras over U by A^j (q stands 
for "quantum"). 

For convenience we will write l{h)a as ha and r{h)a as ah. 
Let us now describe the monoidal structure on Alj. 

Let A,Be AIj. Then the group H acts in A(^ B by A(h)(a 6) = ah~^ (8) hb. We 
will construct a new i^-biequivariant associative algebra A^B, which is obtained by 
quantum Hamiltonian reduction of A ® S by the action of H. 

Denote hj A* B the space ^(8>e)^([/) -B, where Oq{U) is mapped to A via and to 
B via nf, acting in both algebras from the left. Then A* B is the quotient of A S 
by the linear span / of elements of the form jj,^{f)a (g) 6 — a (8) iif{f)b, f G Oq{U), 
a E A,b E B. The space A* B has two commuting actions of H {Ia<Si I and 1 (8) rs)- 
But we cannot claim that A* B E Afj, since the algebra structure on A(S) B docs not, 
in general, descend to A* B (/is only a right ideal and not necessarily a left ideal). 

However, the action A of H on A ® B descends to one on A * S, so we can define 
A^B := (A * B)^, where H acts by A. 

Proposition 5.1. The algebra structure on A^ B descends to one on A^B. 

Proof. Let x,y E A^B. We can regard x, y as elements of A* B. Choose their liftings 
X = ^ ® 6i, F = ^ Cj ® (ij into A ^ B. By definition, xy is the image of XY in 
A*B. 

We have to check two things. 

1. That xy is if-invariant. 

2. That xy does not depend on the choice of liftings X, Y. 
First we check property 1. Since x,y are i/-invariant, we have 



^[l^^{z), ai] (8) 6i + ^ ai ® [f^fiz), bi] E I, 



(5.2.2) 




Therefore, since / is a right ideal. 



(5.2.3) 




Lemma 5.1 If X is ff-invariant modulo I, then XI C /. 
Proof of the Lemma. 

Since ^ Cj (8) dj is iZ-invariant modulo /, for any 2; G 1^ we have 



(5.2.4) 
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Therefore, the same equahty holds any rational function g e Oq{U) instead of z. This 
proves the Lemma. 

The Lemma shows that the RHS of (5.2.3) is in /, i.e. xy is if-invariant. 

Now we check property 2. If X' , Y' are any other liftings of x and then X—X' e /, 
and y — y e /. So it remains to show that X{Y — Y') e /. But this follows from the 
Lemma. □ 

Thus, we have shown that the product descends to A®B. The two commuting 
actions oi H oyi A® B hy (hi, h2){a®h) = hia<S> bh2, and the corresponding quantum 
moment maps descend to A®B. So, in order to check that A<SiB e A^j, it suffices to 
check properties (i) and (ii). 

Using properties (i) and (ii) of the quantum moment maps nf,fi^,fxf,fx^, it is 
easy to see that A* B is naturally identified with jj,f{Oq{U)) ® ® Sq, and A^B is 
identified with fif{Oq{U)) ® {A^ ® -Bq)^, where H acts by a (g) 6 ^ ah'^ ® hb. This 
implies properties (i) and (ii) for the quantum moment map /i/^ ® 1 : Oq{U) A^B, 
corresponding to the left action of H on A^B (with {A®B)q — {Aq (8) Bq)^). For the 
quantum moment map : Oq{U) A®B corresponding to the right action, these 

properties are proved analogously. 

Thus, A®B e A\f. It is clear that the assignment A, S — > A®B is a bifunctor 
Al ^ Al ^ Al 

Recall [EV] that {T*H)u denotes the variety of points (/i,p) e T*H such that 
h~^p G U. Consider the algebra Oq{{T*H)u), which is the canonical quantization of 
the standard symplectic structure on {T*H)u- It is equipped with the standard actions 
l,r of H on left and right given by {x,p) {hixh2, hiph2) (these actions obviously 
respect the quantization). 

Let '• ^q{U) — > Oq({T*H)u) be the cmbeddings, which assign to an element of 
U{i)) the corresponding right-, respectively left-invariant differential operator on H. It 
is easy to check that ^i^^ are quantum moment maps for l,r. 

Let 1 = {Oq{{T*H)u)J, r, ni, Hr). It is easy to check that we have natural isomor- 
phisms A®1 = A = 1®A. 

Proposition 5.2. (i) {A^B)^C = A^{B^C). 

(ii) 1 is a unit object in A^j with respect to <S>, and {Afj, ®, 1) is a monoidal category. 

Proof. Easy. □ 

Let A G A\j. Denote by A the new object of A\j obtained as follows: A is A"^ 
(the opposite algebra), with the left and the right actions of H permuted (i.e. the left, 
respectively right, action of /i on ^ is the right, respectively left, action of on A), 
and the quantum moment maps also permuted. We will call A the dual object to A. 
By a quasireflection on A we will mean a morphism i : A ^ A. Note that unlike [EV] , 
here we do not require that i^ = 1. 

Let A G Afj and i : A ^ A he a quasireflection. Let f]^, <fl_ : A (E) A ^ A he given 
by the formulas v'!|_(a ^b) — ai{b), ip^_{a ® 6) = i{a)b. It is easy to see that these maps 
descend to linear maps : A<SiA A. 



5.3. i/-biequivariant Hopf algebroids. 
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Now let us define the quantum version of the notion of an i^-biequivariant Poisson- 
Hopf algebroid. 

Definition. Let A be an H -biequivariant associative algebra. Then A is called an H- 

biequivariant Hopf algebroid over U if it is equipped with a coassociative Afj-morphism 
A : A ^ A(^A called the coproduct, a Alj-morphism e : A ^ 1 called the counit, and 
a quasireflection S : A ^ A called the antipode, such that 
(i) (id • e) o A = {e • id) o /S. = id, and 

ii) o A = fii o P o e, V'- o A = fjij. ° P ° s, where P : 1 ^ ^q{U) is the map which 
assigns to a differential operator on H its value at the identity element (which is in 

The same structure without the antipode will be called an iif-biequivariant bialge- 
broid. 

If H = 1, then these notions coincide with notions of a Hopf algebra and a bialgebra 
over K. 

Remark 1. In the above discussion, U is a Zariski open set. If A; = R or C, then 
we can take U to be an open set in the usual sense, and define 0{U) to be the algebra 
of smooth, respectively analytic, functions on U. Then we can repeat sections 5.2, 

5.3, and thus define the notions of an if-biequivariant associative algebra and Hopf 
algebroid over U. Similarly, one can take U to be the infinitesimal neighborhood of 
zero in 1^* (i.e. 0{U) = k[[\:)]]). The material of Sections 5.2 and 5.3 can be generalized 
to this case as well. 

Remark 2. In the smooth, analytic, and formal case one has to drop the condition 
that A is the sum of finite dimensional representations of H (because Oq{U) does not 
satisfy this condition). One should instead require that A is a representation of i). One 
should also impose the locality condition for a quantum moment map fj,: for any f & A 
the operation g [n{g), f] is local in g, in the sense that [[J-ig), f] = ^ iJ,{Dig)fi, 
where fi G A, and Di are h-adically convergent series of differential operators on U. 
Using (5.2.1) and the locality property, one can compute [n{g)j f] not only for rational 
functions g but for arbitrary smooth, holomorphic, or formal functions. 

5.4. Quantization of i/-biequivariant Poisson-Hopf algebroids and Poisson 
groupoids. 

Consider the following two settings. 

1. Let Aq be an iJ-biequi variant Poisson algebra (see Section 2.3 of [EV]). Let 

A = AQ[[h]]. Suppose that A is equipped with an associative product * in such a way 
that A is a local quantization of Aq as a Poisson algebra, and the 5-tuple {A, /, r, ni, Hr) 
is an i7-biequivariant associative algebra (where l,r, the iC-linear extensions 

of the structure maps of to A) . 

2. Assume that in addition is an ilf-biequivariant Poisson-Hopf algebroid, i.e. it 
is equipped with maps Ao,£o5'S'o satisfying certain axioms (see Section 2.4 of [EV]). 
Suppose that A is as above, and in addition that A is equipped with maps A, s, S, 
which make A an i7-biequivariant Hopf algebroid, and equal Aq, Sq? Sq modulo h. 

Definition. In these cases, Aq is called the quasiclassical limit of A, and A is called 
a quantization of Aq . 
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If iy = 1, then this definition is the usual definition of a quantization of a Poisson 
and Poisson-Hopf algebra. 

Now consider the geometric version of this definition. Let X be an iif-biequivariant 
Poisson manifold over U . Let Aq — 0{X\ Then satisfies the axioms of an H- 
biequivariant Poisson algebra, except for maybe property (ii) . The notion of quantiza- 
tion of ^0 is defined as above. A quantization A of A^ will be called an H -biequivariant 
quantum space. 

If X is in addition an if-biequivariant Poisson groupoid, then Aq satisfies the axioms 
of an i/-biequi variant Poisson-Hopf algebroid, except for property (ii) and the fact that 
the coproduct A maps Aq to A^ :— 0{X mX) [[/j,]], which is a completion of Aq^Aq, but 
not to Ao<SiAo itself. (This problem already exists for Lie groups, where the coproduct 
maps 0{G) to 0{G x G) and not to 0{G) x 0{G)). The notion of quantization of Aq 
is defined as above. The quantization is called local if f * g is a bidifferential operator 
of f,g modulo any power of h, and A(/) = DAo(/), where -D is a differential operator 
modulo any power of H. A local quantization A of Aq will be called an iJ-biequivariant 
quantum groupoid. 

Suppose that X = X(G,H,U) is a dynamical Poisson groupoid (see Chapter 1 of 
[EV]), and Aq = 0{X) is as above. In this case a local quantization A of Aq will be 
called a dynamical quantum groupoid. If the subspace 0{U) ® 0{G) ® (^(f^)!!^]] C A 
is closed under the product, then it is an iJ-biequivariant Hopf algebroid. Such Hopf 
algebroid is called a dynamical Hopf algebroid. 

Recall that by a preferred quantization of a Poisson Lie group is meant a quantization 
in which the coproduct is undeformed. The notion of a preferred quantization of an 
i/-biequivariant Poisson groupoid or Poisson-Hopf algebroid is defined in the same way. 

Conjecture, (i) Any dynamical Poisson groupoid admits a quantization. 

(ii) Any quasitriangular dynamical Poisson groupoid admits a preferred quantization. 

In the case H = 1 (Poisson-Lie groups), this conjecture goes back to Drinfeld and is 
proved in [EK1,EK2]. 

5.5. The case H = (C*)^. 

In this section we will consider the special case when H = (C*)^, and establish the 
connection between the constructions of this chapter and Chapter 4. 

Let H ={C*)^. In this case, the main notions of Chapter 5 are simplified: 

1. Since H is commutative, the algebra Oq{U) is just 0(L^)[[/i]]. 

2. Denote by P C {)* be the lattice of characters of H {P = U^). Let A be 
an ilf-biequivariant associative algebra. Then the algebra A can be written as A = 
©a,/36P^a/37 where Aq,^ is the set of elements a G A such that h\ah2 = a{hi)P{h2)a 
(the direct sum is understood in the /i-adically complete sense). The images of the 
maps jJii^iJir are in Aqq. The product A®B can be written in the form [A®B)o,^ = 
®l3£pAafi ®o{U) Bps , where 0{U) is embedded in A via ji^ and in B via //f , and acts 
form the left (thus this product is similar to the matrix product). 

3. The algebra Oq{{T*H)u) = 1 can be written in form 0{U) x C(ii')[[n]] = 
0{U) ® C[P][[/l]], where the commutation relations between P and 0{U) are given by 
fx = X/^ / e 0{U), x^P. where f^u) = f{u + hx). 
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In particular, in this case we can replace the algebra 0{U) with the field Mj,* of mero- 
morphic functions on [)*, imposing the locality condition (see Remark 2, Section 5.3). 
Then equation (5.2.1) together with the locality condition implies identities (4.1.1). 

Now nothing prevents us from setting h to be no longer a formal parameter, but a 
nonzero complex number 7. In this situation, it is easy to see that an ff-biequivariant 
algebra (bialgebroid, Hopf algebroid) is the same as an f)-algebra ({)-bialgebroid, f)-Hopf 
algebroid) with weights belonging to P C t)* . This gives a connection between Chapters 
4 and 5. 

6. f) BIALGEBROIDS ASSOCIATED TO QUANTUM 
DYNAMICAL R- MATRICES OF HECKE TYPE. 

6.1. The Hecke condition. 

Let i? : f)* — > End(V <S)V) he a quantum dynamical R-matrix with step 7. Consider 
the [)-bialgebroid introduced in Chapter 4. 

It is clear that if i? = 1 and 7 = then Ar = M^,* Mj,* o 0{End{V)). Therefore, 
for 1 we want the algebra Aji to look like a quantum deformation of Mf,* Mf,* (8) 
0(End(y)). 

A natural formalization of this wish is the PBW property, defined below. 

The algebra Afi has a natural Z_|_-grading, given by deg{f{X')) = 0, deg{Lab) = 1- 
Denote by A^ the degree n component of Ar. It is clear that are Mp,* M^*- 
modules, where the two components of Mf,* act by left multiplication by /(A^) and 

Definition. The algebra Ar is said to satisfy the Poincare-Birkhoff- Witt (PBW) prop- 
erty if the Mfj* (8) Mi^* -module is isomorphic to the free module M^* (g) Mf,* ® 
S^'EndiV). 

For a general dynamical R-matrix, the PBW property is not the case. However, the 
property holds if one imposes an additional "Hecke type" condition on R. 

Definition. R is said to be of strong Hecke type if 

(i) R satisfies equation (1.3.6) for some nonzero parameters p,q & C, p ^ —q, such 
that q/p is not a root of unity, and 

(a) There exists a continuous family R{t), t G [0, 1], of quantum dynamical R- 
matrices with step ^{t), satisfying (i) with parameters p{t), q{t), such that R{0) = 
l,p{0) = q{0) = 1,7(0) = 0, R{1) = R,p{l)=p,q{l) = q,^{l) = 7. 

Example. It is easy to see from the classification that all dynamical R-matrices of 
glN Hecke type are of strong Hecke type. Thus, for dynamical R-matrices of glN-type, 
strong Hecke type is the same as the Hecke type. 

Theorem 6.1. If R is of strong Hecke type then Ar satisfies the PBW property. 

This theorem explains the meaning of the Hecke type conditions introduced in Chap- 
ter 1. If f) = 0, this theorem is well known (see [FRT]). 

6.2. Proof of Theorem 6.1. 

Let A be the algebra with the same generators as Ar and the same relations except 
the Yang-Baxter relation. Then, as a vector space, the algebra A has the form ©„>oA"', 
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i"' = M^* <S) M^* ® (End(F))®", and Ar is the quotient of A by the Yang-Baxter 
relation. 

Let Hn{v) be the Hecke algebra of type A^ with parameter v. It is the algebra 
generated by elements T^, l<z<n — 1, with relations 

(6.2.1) [T„ T,] = 0, |z - j\ > 2; T,T,+iT, = T,+iT,T,+i; (T, - 1)(T, + t;) = 

If V is not a root of unity of degree n, this algebra is isomorphic to C[Sn] and therefore 
semisimple. 

Denote by i?"+^(A) the operator l*-i(i)i?(A)(8)l^-*-^ : F®^ ^ M,,* F®^, where 
(g) has the meaning defined by (3.1.2). 

If R satisfies condition (i), then we have an action of Hn{v), v = q/p, on the 
Mf,* (8) Mf,* -module A"^, defined by the formula 

(6.2.2) TiX = Pu+i : R''+\X^)XR''+\X')-^ : Pu+i, 

where Pu+i is the permutation of the i-th and the i + 1-st components in the tensor 
product y®". This construction explains the origin of the term "Hecke type". 

The Yang-Baxter relation in Aji implies that the degree n component of An 
is isomorphic to the space of coinvariants of Ti, ...,T„_i in A"^. By semisimplicity of 
Hn{v), this space is isomorphic to the space of vectors in Mf,* (8) M(,* (g) (End(y))®"', 
which are invariant under Tj. 

Now recall that R satisfies condition (ii). Let R{t) be the corresponding family. 
Consider the corresponding modules A^^^^y Since they can be defined both as coin- 
variants and invariants, their dimensions cannot jump, which implies that ^^^g) 
isomorphic to ^^(i) as a Mf,. (g) Mf,. -module. However, by our assumptions, ^^^q) ~ 
M,,* (g) Ml,, (g) 5'"End(y), while A^^^^ = A^. This proves the Theorem. □ 

6.3. Hecke condition and quantization. 

Theorem 6.1 has the following generalization to the case when the step 7 is a formal 
parameter. 

Let R^ = 1 — 7r + ^ 'J^'fji be a formal series whose coefficients are meromorphic 
functions f)* — > End(y Cg) V). Suppose that i? is a quantum dynamical R-matrix with 
step 7. Let Afi^, A^^, denote the algebras over K := C[[7]] defined as in Chapter 4. 

It is clear that An^^/'fAii,^ = M[,. O Mf,* O C(End(V")). Thus the analogue of 
the PBW property for Aji_^ in this case is the property that the K-module Aji^ is a 
topologically free module, i.e. provides a flat deformation of Mf,* (g) Mf,* (g) 0{End{V)). 

Theorem 6.2. If R^y satisfies the Hecke equation (1.3.6) for some ^(7) = 1 -|- 0(7), 
q{^) = 1-1- 0(7), then Ar^ is a flat deformation of M^,* (g) M(,* (g) 0{End{V)). 

Proof. Analogous to the proof of Theorem 6.1 □ 

Corollary 6.1. Under the assumption of Theorem 6.2, Ar^ is a flat deformation of 
Mf,* ® Mf,* ® 0(G'L(F)). 

If Rj is holomorphic in an open set U C f)* then we can define algebras A^^, A^^ in 

the same way as Ar^ , Ar^ , except that Mf,* is replaced with the algebra of holomorphic 
functions 0{U) on U. It is clear that Theorem 6.2 and Corollary 6.1 are valid for these 
algebras: 
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Proposition 6.1. Under the assumptions of Theorem 6.2, the algebras A^_^, A^_^ are 
topologically free over K . 

Now let : U —>■ End{V ® ^)[[7]] be a quantum dynamical R-matrix holomorphic 
on U which satisfies the condition of Theorem 6.2. Let ^(7) = 1 + 07 + 0(7^), 5(7) = 
1 + 67 + 0(7^), 7 — s> 0. Then from the quadratic equation for we get the unitarity 
condition 

(6.3.1) r^^+r = {b-a)P-{b + a), 

and from the quantum dynamical Yang-Baxter equation for R we get the classical 
dynamical Yang-Baxter equation for r. Thus, according to Chapter 1 of [EV], r defines 
a structure of a quasitriangular dynamical Poisson groupoid on U x GL{V) x U. In 
particular, we have the corresponding dynamical Poisson- Hopf algebroid A^'^ = 0{U)® 
0{GL{V)) (S) 0{U) (here 0{G) denotes the algebra of polynomial functions on G). 

Theorem 6.3. The dynamical Hopf algebroid is a quantization of the dynamical 
Poisson-Hopf algebroid A^^ . 

Proof. Since we know that A^^ is topologically free, the proof is the direct computation 
of the quasiclassical limit and then comparison with Chapter 1 of [EV]. □ 

Let G = GL(y), if be a maximal torus in G, and U G i)* a polydisc. Let X{G, H, U) 
be the Lie groupoid U x G x U with two actions of H, defined in Chapter 1 of [EV]. 

Theorem 6.4. Any structure of a quasitriangular dynamical Poisson groupoid on 
X{G, H, U) admits a preferred quantization. 

Proof. The statement follows from Theorem 1.6 and Theorem 6.3. □ 

Remark. Notice that if Rj fails to satisfy the Hecke condition modulo 7^, then 
the algebra A^ is not topologically free. Indeed, in this case r does not satisfy the 
unitarity condition, so according to Chapter 1 of [EV] the bracket defined by r on 
U X GL{V) X U is not Poisson (i.e. does not satisfy the Jacobi identity). This means 
that the corresponding deformation is not fiat, since a fiat deformation of a commutative 
algebra induces a Poisson structure on this algebra. Thus, the Hecke condition seems 
to be intrinsic for good properties of the algebra A^. 
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